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THE GIBBONS-HAWKING ANSATZ
IN GENERALIZED KA¨HLER GEOMETRY
JEFFREY STREETS AND YURY USTINOVSKIY
Abstract. We derive a local ansatz for generalized Ka¨hler surfaces with nondegenerate Poisson
structure and a biholomorphic S1 action which generalizes the classic Gibbons-Hawking ansatz for
invariant hyperKa¨hler manifolds, and allows for the choice of one arbitrary function. By imposing
the generalized Ka¨hler-Ricci soliton equation, or equivalently the equations of type IIB string theory,
the construction becomes rigid, and we classify all complete solutions with the smallest possible
symmetry group.
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1. Introduction
The classification of Einstein metrics and Ricci solitons is a central problem in geometry. Gradient
shrinking and steady Ricci solitons play a crucial role in the study of Ricci flow since they arise
as blow-up limits of singularities. Recently, motivated by research in mathematical physics and
complex geometry, a generalization of Ricci solitons was introduced. A smooth manifold Mn
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equipped with a Riemannian metric g, closed 3-form H and function f define a generalized Ricci
soliton if
Rc−14H2 +∇2f = 0,(1.1)
d∗H + i∇fH = 0,
where Rc is the Ricci curvature of (M,g) and (H2)ij := HiklH
kl
j . These equations generalize the
Ricci soliton system, arising as the Euler-Lagrange equations for Einstein-Hilbert functional
EH(g,H, f) :=
∫
M
(
R− 1
12
|H|2g + |∇f |2g
)
e−fdVg,
where R is the scalar curvature of g.
The generalized Ricci soliton system (1.1) describes canonical geometric structures involving
torsion (cf. [10]), and arises in physics as the type IIB string equations [7]. While in (1.1) metric
g and 3-form H are unrelated, there many natural geometric settings in which g and H are tied
together. One important special case occurs when (M,g, I) is a complex Hermitian manifold with
an integrable almost complex structure I such that H = −dcωI , where ωI := g(I·, ·). Since H is
closed, we necessarily have ddcωI = 0, i.e., (M,g, I) is a pluriclosed manifold. There is a more
refined case where g is part of a generalized Ka¨hler (GK) structure (cf. §2.1), with the data then
referred to as a generalized Ka¨hler-Ricci soliton, or simply GK soliton. In the context of string
theory this corresponds to imposing supersymmetric constraints on the solution of (1.1). These
extra geometric assumptions on g and H relate the classification of generalized Ricci solitons to
deep questions in complex geometry. For instance, in [26] and [27] Tian and the first-named
author introduced natural geometric flows — pluriclosed flow and generalized Ka¨hler-Ricci flow —
extending the Ka¨hler-Ricci flow to the non-Ka¨hler setting. Similarly to the Ricci flow setup,
pluriclosed and GK solitons appear as limits of the respective flows. Thus it is essential to classify
all solutions to (1.1) as the first step in understanding the long-term behavior of a relevant flow.
In [25], [29] we gave a conjecturally exhaustive list of generalized Ka¨hler-Ricci solitons on compact
complex surfaces, by constructing GK solitons on all diagonal Hopf surfaces. Since the pointed
limits of the above flows are not necessarily compact, we are forced to consider also solutions to
the GK soliton system with a complete background (M,g). This is the primary motivation for the
present paper.
In this work we give a partial classification of complete generalized Ka¨hler-Ricci solitons in
dimension four. The first step is to observe the presence of two commuting Killing fields associated
to a given soliton. The case of primary interest is when these two Killing fields are aligned, and
generate a biholomorphic S1 action. Furthermore, associated to any generalized Ka¨hler structure is
a real Poisson tensor (cf. §2.1.1), which we will assume does not vanish identically. These structural
hypotheses roughly speaking represent the generic case, while the other cases are more rigid, and
will be treated elsewhere.
In the locus where the Poisson tensor in nondegenerate, it is possible to describe a GK structure
in terms of a triple of symplectic forms which includes hyperKa¨hler triples as a special case [2]
(cf. Proposition 2.4). In the hyperKa¨hler case, the (tri-Hamiltonian) S1 action determines locally
a moment map µ to R3, and we use the notation R3µ to denote the image space of such a moment
map. Using these moment map coordinates, the hyperKa¨hler metric has an explicit local description
given by the famous Gibbons-Hawking ansatz [13]:
g =W
(
dx2 + dy2 + dz2
)
+W−1η2,
whereW is a harmonic function on flat R3µ, and η is a principal S
1 connection with curvature dη =
∗dW . This construction is reversible, and by choosing W to be a linear combination of a constant
and suitably normalized Green’s functions based at points in R3µ , one obtains a hyperKa¨hler 4-
manifold admitting a free isometric circle action, which is incomplete due to the poles of W . These
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singularities are however removable, and by adding a single point for each pole of W , one obtains
finally a complete hyperKa¨hler 4-manifold admitting an effective S1 action, with the added points
being the fixed point set of the action.
As shown by Bielawski [4], the construction described above yields an exhaustive list of all
possible simply connected hyperKa¨hler 4-manifolds admitting an effective circle action. A key
point in the analysis, described in more detail below, is to determine the global structure of the
moment map for an arbitrary hyperKa¨hler manifold with effective S1 action. It is shown that
the assumption of completeness implies that the image of the moment map, endowed with the
background horizontal metric, by which we mean the Euclidean metric on R3µ, is also complete.
This implies that the image must be all of R3, thus the harmonic function with poles W is defined
globally, and results from elliptic theory imply that it is a linear combination of a constant and
Green’s functions, as expected.
In the more general setting of generalized Ka¨hler structures, the symplectic triple together with
S1 action still allows us to locally define a moment map µ to R3µ . We use this moment map to derive
an explicit local description of the generalized Ka¨hler structure. As above we let W−1 denote the
square length of the canonical vector field generating the S1 action. Then one can express the GK
metric locally as
g =Wh+W−1η2,
where W satisfies an explicit linear second order elliptic PDE, and η is a principal S1 connection
whose curvature is determined byW . The background horizontal metric h now depends on an extra
scalar function p, which is known as the angle function associated to the GK structure. Specifically
we have the following (cf. Theorem 3.2 below):
Theorem 1.1 (Generalized-Ka¨hler Gibbons-Hawking ansatz). Fix a smooth 3-dimensional mani-
fold N and consider
(1) an open map ι : N → R3µ,
(2) smooth functions
p : N → (−1, 1), W : N → (0,+∞)
solving the equation
W11 +W22 +W33 + 2(pW )23 = 0,
such that the closed differential form β ∈ Λ2(N,R)
β = (W3 + (pW )2)dµ1 ∧ dµ2 − (W2 + (pW )3)dµ1 ∧ dµ3 +W1dµ2 ∧ dµ3
represents a class in H2(N, 2πZ);
(3) a connection form η with curvature β in the principal S1-bundle π : M → N determined by
[β],
Then the total space of the principal S1-bundle M admits a nondegenerate GK structure
(M,g, I, J)
with
g =Wh+W−1η2, h = (1− p2)dµ21 + dµ22 + dµ23 − 2p dµ2dµ3,
and I, J the unique almost complex structures such that the complex-valued 2-forms
ΩI :=(−dµ1 +
√−1dµ2) ∧ (η +
√−1W (dµ3 − pdµ2)),
ΩJ :=(−dµ1 +
√−1dµ3) ∧ (η +
√−1W (−dµ2 + pdµ3)),
are holomorphic with respect to I and J respectively.
Conversely any nondegenerate GK manifold (M,g, I, J) with a free isometric tri-Hamiltonian S1
action arises via this construction.
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This is a local description of any nondegenerate GK structure with a tri-Hamiltonian S1 action.
If we further impose the soliton equations, then function p is determined explicitly up to two real
parameters a±, yielding explicit choices of metric h defined globally on R3µ. Crucially however,
these metrics are not complete, with the completion points corresponding to the possible zeros of
the background Poisson tensor. Furthermore, the S1 action on the nondegeneracy locus will only
be tri-Hamiltonian after lifting to a certain infinite covering space. Thus to determine the possible
image spaces of the moment map for a complete GK soliton, we must determine the relevant deck
transformation group Γ and its action on R3µ , and understand the completions of the quotient
spaces, i.e. R3µ/Γ. We prove that there are three possibilities:
(1) One has a− = 0, a+ = 2k+ , k+ ∈ Z and R3µ/Γ ∼= N(a+, 0) is an orbifold diffeomorphic to a
global quotient of C× R by a linear Z|k+|-action on C. The metric h extends as a smooth
orbifold metric with cone angle 2π/|k+| along {0} × R.
(2) One has a− = 0, a+ = 2k+ , and R
3
µ/Γ
∼= N(a+, 0)/Z, where N(a+, 0) is as in item (1) and
the Z action is generated by a translation in the R factor and (possibly trivial) rotation in
C|k+| factor.
(3) One has a+ = 2/k+, a− = 2/k−, k± ∈ Z and R3µ/Γ ∼= N(a+, a−) is an orbifold diffeomorphic
to a product S2(k+, k−)×R, where S2(k+, k−) is a spindle 2-sphere with cone angles 2π/|k+|
and 2π/|k−|.
With this in hand we can now state the main existence theorem for GK solitons:
Theorem 1.2. The following hold:
(1) Let (k+, l+) be a pair of coprime integers, 0 6 l+ < |k+| and denote a+ = 2k+ . Fix a col-
lection of points {z1, . . . zn} in the smooth locus of N(a+, 0). There exists a one-parameter
family of complete rank one generalized Ka¨hler-Ricci solitons (M4, g, I, J) admitting an iso-
metric S1 action, such that M/S1 ∼= N(a+, 0), and MS1/S1 = {z1, . . . , zn}. The manifold
M\MS1 is a Seifert fibration over N(a+, 0)\{z1, . . . , zn}, and the lift of the orbifold locus
in this domain consists of points of type (k+, l+).
(2) Let (k+, l+) be a pair of coprime integers, 0 6 l+ < |k+| and denote a+ = 2k+ . There exists
a two-parameter family of complete rank one generalized Ka¨hler-Ricci solitons (M4, g, I, J)
admitting an effective isometric S1 action, such that M/S1 ∼= N(a+, 0)/Z. The manifold
M is a Seifert fibration over N(a+, 0)/Z, and the lift of the orbifold locus in this domain
consists of points of type (k+, l+).
(3) Let (k+, l+), (k−, l−) be two pairs of coprime integers, 0 6 l± < |k±| and denote a± = 2k± .
Fix a collection of points {z1, . . . zn} in the smooth locus of N(a+, a−). There exists a
two-parameter family of complete rank one generalized Ka¨hler-Ricci solitons (M4, g, I, J)
admitting an effective isometric S1 action, such that M/S1 ∼= N(a+, a−), and MS1/S1 =
{z1, . . . , zn}. The manifold M\MS1 is a Seifert fibration over N(a+, a−)\{z1, . . . , zn}, and
the lift of the two orbifold loci in this domain consists of points of type (k±, l±), respectively.
The situation is summarized in Figures 1 and 2. The quantity µ1 is a certain coordinate in R3µ
whose periods generate a primitive subgroup Z ⊂ Γ, so that µ1 descends to an S1-valued coordinate
on R3µ/Z.
Remark 1.3. (1) For the definition of points of type (k, l) see Remark 2.10.
(2) One parameter in cases (1) and (2) corresponds to the weight on the constant function in
the decomposition of W . This phenomenon also occurs in the original Gibbons-Hawking
construction, where one may include an arbitrary nonnegative constant in the choice of W .
Depending on whether this constant is zero or not, one obtains multi-Eguchi-Hanson or
multi-Taub-NUT metrics.
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R
µ1
T+ = {p = 1}
R
(D2/Zk+ )× R
{z1, . . . , zn}
Figure 1. Configuration space N(a+, 0) ≃ C/Zk+ × R
R
µ1
R
µ1
T+ = {p = 1} T− = {p = −1}
R
(D2/Zk+ )× R
(D2/Zk
−
)× R
{z1, . . . , zn}
Figure 2. Configuration space N(a+, a−) ≃ S2(k+, k−)×R
(3) The second parameter in case (2) corresponds to a choice of a connection η on the Seifert
bundle over N(a+, 0)/Z with a prescribed curvature form.
(4) In case (3) there are two real parameters, given by weights on the constant function and an
anomalous smooth solution, which further satisfy an integrality constraint (see (6.5)).
(5) The global topology of these examples is implicit in the construction, with the manifolds
arising via completion of explicit Seifert bundles by adding finitely many points.
Next, crucially, we show that our construction classifies all possible solitons in four dimensions
with the smallest possible isometry groups. As remarked above, those with larger symmetry groups
arise via constructions in toric geometry and will be treated elsewhere.
Theorem 1.4. Let (M4, g, I, J) be a complete generalized Ka¨hler-Ricci soliton with generically
nondegenerate Poisson tensor, and Ricci curvature bounded below. If dim Isom(g) 6 1, then exactly
one of the following holds.
(1) (M4, g, I) is hyperKa¨hler.
(2) Isom(g) = S1 and (M4, g, I, J) is isomorphic to one of the examples constructed in Theorem
1.2.
(3) Isom(g) = R and (M4, g, I, J) is isomorphic to a Z-cover of an example constructed in
Theorem 1.2 with a trivial S1-bundle structure.
Remark 1.5. The hypothesis of a lower bound on Ricci curvature is needed for technical reasons
described below, and it should be possible to remove this.
Let us give a brief description of the proofs of Theorems 1.2 and 1.4, expanding on the discussion
above, which will also serve as an outline for the remainder of the paper. In §2 we recall fundamental
properties and examples of generalized Ka¨hler structures, which are biHermitian triples (g, I, J)
satisfying certain integrability conditions. We recall the associated Poisson tensor σ = 12g
−1[I, J ],
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and briefly indicate the geometric significance of the rank of this tensor. In the nondegeneracy
locus we obtain a symplectic form Ω = σ−1, and recall that in dimension 4 the entire GK structure
is described in terms of Ω, IΩ and JΩ. We also recall some fundamental topological and geometric
results on Seifert fibrations, specialized to the case of almost free S1 actions on 4-manifolds.
In §3 we study generalized Ka¨hler 4-manifolds admitting a free S1 action. As GK structures
on 4-manifolds are described by a triple of symplectic forms, in §3.1 we are able to locally define
a moment map generalizing that of the Gibbons-Hawking ansatz (Theorem 3.2). In the image of
the moment map, the horizontal geometry is determined by a single arbitrary function p, which
determines the angle between the complex structures I and J . The length of the circle fiber is
determined by a function W which solves a certain linear elliptic PDE depending on p. Turning
to the case of effective S1 actions in §3.2, we first derive the local structure of the fibration near
fixed points, which must be that of the standard Hopf fibration, then derive the local blowup rate
of W near these fixed points. Given this we prove a removable singularities result in Propositions
3.5 and 3.7 which say roughly that given the data of our ansatz on a punctured 3-ball satisfying
the necessary blowup rates, we can extend the total space of the fibration topologically by adding
a point, with the generalized Ka¨hler structure extending in C1,1 sense across this point. Having
established these basic structural results, we end §3 by reviewing some known examples, including
diagonal Hopf surfaces and a new description of LeBrun’s generalized Ka¨hler structures on parabolic
Inoue surfaces [21].
So far the discussion has allowed for the angle function p to be essentially arbitrary. In §4 we
impose the generalized Ka¨hler-Ricci soliton equation, and observe that it determines p. For Ka¨hler-
Ricci solitons, it is well-known that the associated soliton vector field ∇f is real holomorphic, with
J∇f a Killing field. Through a local analysis of the generalized Ka¨hler-Ricci soliton equation, we
show that aside from some exceptional and rigid cases, either the metric has a two-dimensional
isometry group or there is a vector field X preserving all the generalized Ka¨hler structure, leading
to the definition of a rank-one soliton (cf. Definition 4.2). We next derive a kind of scalar reduction
for the soliton equation, showing that the angle function p must be determined by Ω-Hamiltonian
potential functions for the vector fields IX and JX, and thus in the rank one case, in the image of
the moment map we obtain an explicit formula for p depending on two real parameters a±.
In §5 we give a complete description of the topological and geometric structure of the completion
of the quotient space for rank one solitons under natural geometric hypotheses. To begin we analyze
the blowup behavior of the meromorphic (2, 0)-form ΩI , showing in particular that it has a pole
of order 1 at the degeneracy locus. Using this we begin our analysis of the global properties of the
moment map. We establish a key completeness property for the induced horizontal geometry in
§5.2. In particular, as derived earlier, the horizontal metric is naturally of the formWh, whereW−1
is the squared length of the circle fiber. Completeness of M immediately implies completeness of
Wh, however, a priori we do not know the global structure of h. As discussed above, establishing
the completeness of the domain with respect to the metric h plays a key role in determining
the global structure of the so-far only locally defined moment map. For hyperKa¨hler metrics
with symmetry, this property was established by Bielawski [4], and plays a key role in proving
their classification. Bielawski’s proof exploits structural results of Schoen-Yau [23] on conformal
immersions of manifolds of nonnegative scalar curvature, relying in a delicate way on the fact that
h is flat, which holds in the hyperKa¨hler setting. In our setup the metric h is fairly explicit, but not
flat, and thus we must rely on more robust elliptic theory. We establish the relevant completeness
property in Proposition 5.6, relying on the gradient estimate of Cheng-Yau [8] and certain ideas
from the previously mentioned work of Schoen-Yau [23]. These arguments are where the technical
condition of a lower Ricci curvature bound enters.
With this completeness property at hand we can analyze the global properties of the moment
map. In particular, a priori the moment map is defined only after we remove the degeneracy loci of
σ, and take an appropriate Zk cover to render the S1 action tri-Hamiltonian. Using the structure
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of ΩI and our technical result on the completeness of the horizontal geometry, in Proposition 5.8
we analyze the Zk covering action, and show that the moment map is naturally defined on the Zk
quotient, with the image space an explicit quotient of R3µ. Next in §5.4 we explicitly describe the
completions of these R3µ quotients. Specifically we observe that by adding the degeneracy loci of σ,
the metric extends smoothly in the orbifold sense, with cone angles determined by the parameters
a±. Given this, we finish in §5.5 by proving that the moment map is globally defined on M , with
the images given by one of the spaces N(a+, 0), N(a+, 0)/Z, or N(a+, a−) described above.
Having now determined the possible geometry and topology of the images of the moment map, it
remains to describe the possible choices ofW . In §6 we first observe that the linear elliptic PDE for
W can be interpreted as a Laplace equation for a certain metric conformal to the given background
h. Using this interpretation together with a description of the spaces N as global orbifold quotients,
we show thatW must be a linear combination of Green’s functions, a background solution, and one
exceptional solution in the case a− 6= 0. Having established the characterization of entire solution
W to the relevant PDE, we finish the proof of Theorem 1.2. At this point, all that remains is to
use the soliton equation to (1) show that the GK structure, which is only known to be C1,1 at the
poles of W , in fact extends smoothly, and (2) prove that the whole structure extends smoothly
over the degeneracy loci. Finally, relying primarily on the prior classification of the moment map
images and possible functions W , we finish the proof of Theorem 1.4.
Acknowledgements: The authors would like to thank Vestislav Apostolov and Connor Mooney
for helpful discussions.
2. Background
The aim of this section is to provide background for important tools and notions used in this
paper. In §2.1 we give a very brief overview of the biHermitian interpretation of generalized Ka¨hler
geometry with an emphasis on 4-dimensional case. We discuss the relation to Poisson geometry,
and give an explicit pointwise description of a nondegenerate generalized Ka¨hler structure in terms
of a preferred vector and angle function p. We refer the reader to [3] and references therein for
more details. In §2.2 we review topology of S1 actions on 4-dimensional manifolds, and review
notions of Seifert fibrations and orbifolds.
2.1. Generalized Ka¨hler structures. Let M be a smooth 2n-dimensional manifold equipped
with a Riemannian metric g and two integrable almost complex structures I and J compatible
with g. Denote by
ωI := g(I·, ·) and ωJ := g(J ·, ·)
the associated fundamental 2-forms, and let
dcI : Λ
k(M ;R)→ Λk+1(M ;R), dcJ : Λk(M ;R)→ Λk+1(M ;R)
be the real differential operators, also known as twisted differentials
dcI =
√−1(∂I − ∂I), dcJ =
√−1(∂J − ∂J).
Definition 2.1. The data (M,g, I, J) is called a generalized Ka¨hler (GK) structure on a manifold
M , if
dcIωI = −dcJωJ
and the form H := −dcIωI is closed:
dH = 0.
In particular, the Hermitian manifolds (M,g, I) and (M,g, J) are pluriclosed (sometimes also called
SKT — strong Ka¨hler with torsion):
ddcIωI = dd
c
JωJ = 0.
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For a four-dimensional GK structure we furthermore define the two associated Lee forms θI and
θJ by the equations
dωI = θI ∧ ωI , dωJ = θJ ∧ ωJ .
Equivalently, in the four dimensional case, θI = −(∗H). Thus in this case, when I and J induce
the same orientation the generalized Ka¨hler condition implies that θI = −θJ . In general there are
two natural connections associated to a GK structure,
∇I = D + 12g−1H, ∇J = D − 12g−1H
where D denotes the Levi-Civita connection. These are the Bismut connections associated to the
Hermitian structures (g, I) and (g, J) [5]. Call the associated curvature tensors RI , RJ and then
we obtain the associated Bismut-Ricci tensors
ρI =
1
2 trωI RI , ρJ =
1
2 trωJ RJ .
In [26, 27] the first named author and Tian introduced a parabolic flow of generalized Ka¨hler
structures (generalized Ka¨hler-Ricci flow) which can be expressed as
∂
∂t
ωI = − ρ1,1I ,
∂
∂t
J = L1
2
(
θ#J −θ#I
)J.
The equation for ωI is the pluriclosed flow, which is defined for pluriclosed structures (g, I). With
generalized Ka¨hler initial data (g, I, J) and the evolution equation for J above, the flow preserves
the GK conditions. It turns out that pluriclosed flow is a gradient flow for a Perelman-type energy
functional [28], and this energy is fixed on steady solitons:
Definition 2.2. A pluriclosed structure (M2n, g, I) is a steady soliton if there exists a function
f ∈ C∞(M,R) such that
Rc−14H2 +∇2f = 0,
d∗H + i∇fH = 0.
It follows from [28] that these equations are satisfied by a solution to pluriclosed flow evolving
purely by diffeomorphisms.
2.1.1. Poisson geometry. Hitchin/Pontecorvo observed [17, 22] that there is a real Poisson tensor
associated to any generalized Ka¨hler structure:
σ = 12g
−1[I, J ].
Remark 2.3. In order to match the common conventions in hyperKa¨hler geometry, our definition
of the Poisson tensor associated to a GK structure differs by a factor of 2 from the one in [3]. This
discrepancy will affect some of the general identities from [3] which we will use in the present paper.
We call the generalized Ka¨hler structure commuting if σ ≡ 0, and nondegenerate if σ defines
a nondegenerate pairing. In dimension 4 these are the only two possibilities at a given point. In
general the rank of σ can vary at different points. Fix (M,g, I, J) a generalized Ka¨hler manifold
with nondegenerate Poisson tensor, and define symplectic form
Ω = σ−1 = 2[I, J ]−1g,
It is elementary to show that Ω is of holomorphic type (2, 0) + (0, 2) with respect to both I and J ,
and thus we can define the (respectively I- and J-) (2, 0)-type holomorphic symplectic forms
ΩI := Ω−
√−1IΩ, ΩJ := Ω−
√−1JΩ,
where (IΩ)(X,Y ) := Ω(IX, Y ).
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From here forward we will be dealing with 4-dimensional GK manifolds with generically nonzero
Poisson tensor σ. In this case σ is invertible on the complement of the locus
T = {x ∈M | Ix = ±Jx}.
The set T is analytic with respect to both I and J and has complex dimension one. By definition
the GK structure (M\T, g, I, J) on the complement of T is nondegenerate. Furthermore, in this
nondegeneracy locus, one can recover I and J from a pair of compatible complex-valued symplectic
forms. Specifically we have the following:
Proposition 2.4 ([2, Thm. 2] and [3, Lemma2.14]). Given a 4-dimensional manifold M and two
closed complex-valued forms ΩI ,ΩJ ∈ Λ2(M,C) satisfying
Ω2I = Ω
2
J = 0,
Re(ΩI) = Re(ΩJ),
there are two unique integrable complex structures I and J such that ΩI and ΩJ are holomorphic
(2, 0)-forms with respect to I and J respectively. Furthermore, if the symmetric pairing g defined
by
g(X,X) := Ω(JX, IX)
is positive definite, then (M,g, I, J) is a nondegenerate GK structure.
Example 2.5 (Generalized Ka¨hler structures on the standard Hopf surface). Consider the standard
Hopf surface
M4 =
(
C2 − {0}) / 〈(z1, z2)→ (2z1, 2z2)〉 ∼= S3 × S1.
Let I denote the natural complex structure inherited from C2, and consider the round metric
g = Re
(
dz1 ⊗ dz1 + dz2 ⊗ dz2
|z1|2 + |z2|2
)
.
This is the natural cylindrical metric on S3×R, which is Hermitian, and descends to the quotient to
give a direct sum of the round metric on S3 with the standard metric on S1. This is a pluriclosed
structure, and we obtain a second complex structure J by pulling it back via an orientation-
preserving involution: J := j∗I, where
j : C2\{0} → C2\{0}
j(z1, z2) =
(
z2
|z1|2 + |z2|2 ,
z1
|z1|2 + |z2|2
)
.
The corresponding holomorphic symplectic forms are
ΩI =
dz1
z1
∧ dz2
z2
,
ΩJ =
(
d log(|z1|2 + |z2|2)− dz2
z2
)
∧
(
d log(|z1|2 + |z2|2)− dz1
z1
)
and it is straightforward to check that Re(ΩI) = Re(ΩJ) and Ω(JX, IX) is given by metric g. Thus
by Proposition 2.4, (M,g, I, J) is a GK structure. In particular, Poisson tensor is given by a real
part of a holomorphic Poisson tensor:
σ = −Re
(
z1
∂
∂z1
∧ z2 ∂
∂z2
)
.
The degeneracy loci are the elliptic curves {z1 = 0}, {z2 = 0} where I = −J and I = J , respectively.
A schematic picture of the fundamental domain in C2\{0} is given in Figure 3.
The above GK structure (M,g, I, J) on a standard Hopf surface has a large automorphism
group: it admits an effective action of a 3-dimensional torus (S1)3, where the first two factors
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{z1 = 0}
{z2 = 0}
{I = −J} ∼= T 2
{I = J} ∼= T 2
C2\{0}
Figure 3. Fundamental domain of standard Hopf surface with GK structure
act via coordinate-wise complex multiplication, and the last factor R/Z ≃ S1 acts by dilations:
t · (z1, z2) = (etz1, etz2).
2.1.2. GK structures with a preferred vector. Next we show that, given a preferred vector Z ∈ TxM ,
it is possible to give an explicit description of a 4-dimensional GK structure in terms of one function.
The key linear algebraic fact special to four dimensions is the pointwise identity [24, Lemma 3.2]
IJ + JI = −2p Id,
where p : M → (−1, 1), p = −14 tr(IJ) is the angle function. Using p, we obtain a third natural
endomorphism
(2.1) K := 12 [I, J ] = IJ + p Id = −JI − p Id .
Note that in the hyperKa¨hler setting, the function p is identically zero and K is another integrable
complex structure. More generally, if p : M → (−1, 1) is constant, then I is a part of a hyperKa¨hler
triple (I, J ′,K ′) with J ′ =
√
1− p2I + pJ , K ′ = [I, J ′].
Thus, in the presence of a preferred vector Z ∈ TxM , we can use the operators I, J and K
to obtain a basis of TxM , thus yielding a complete description of all structures in terms of the
function p. Specifically we have the following proposition:
Proposition 2.6 (Linear description of a GK structure on M4). For (M4, g, I, J) as above, given
a unit vector Z ∈ TM , the vectors Z, IZ, JZ,KZ form a basis of TM with g, I, J,K and Ω given
by the matrices
(2.2) g =

1 0 0 0
0 1 p 0
0 p 1 0
0 0 0 1− p2
 ,
I =

0 −1 −p 0
1 0 0 p
0 0 0 −1
0 0 1 0
 ,
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J =

0 −p −1 0
0 0 0 1
1 0 0 −p
0 −1 0 0
 ,
K =

0 0 0 p2 − 1
0 −p −1 0
0 1 p 0
1 0 0 0
 ,
(2.3) Ω =

0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0
 .
Proof. Formulas for matrices of g, I, J,K are straightforward from the compatibility of the metric
with operators I and J and the identity (2.1) defining K. Finally, for the matrix of Ω we have
Ω = (K−1)t · g
which is given by the last matrix. 
2.2. Manifolds with S1 action. In this subsection we review basic facts about circle actions on
manifolds, and discuss related concepts of Seifert fibrations and orbifolds. We will usually think of
the circle S1 as the group of complex numbers of the unit norm.
Definition 2.7. Let M be an n-dimensional manifold with an effective circle action
S1 ×M →M.
Throughout this paper we keep the following notation
(1) π : M → N is the projection onto the orbit space;
(2) MS
1 ⊂M is the fixed point set;
(3) N0 := (M\MS1)/S1 is the orbit space of the complement of the fixed point set.
The action is called free if the stabilizer Gx ⊂ S1 of any point x ∈M is trivial. In this case M → N
is the total space of a principal S1 bundle. Action S1 ×M →M is called almost free if MS1 ⊂M
is empty, or, equivalently, the stabilizer of any point in M is finite. In this case we call M → N a
Seifert fibration. The action is called effective if no nontrivial element of S1 acts as the identity on
M .
Given any point x ∈M there is a representation of its stabilizer Gx ⊂ S1 in the normal space to
the orbit νx := TxM/Tx(S
1x):
ρx : Gx → GL(νx)
If M is oriented then the representation ρx preserves the induced orientation on νx. We have the
following equivariant tubular neighbourhood theorem:
Theorem 2.8 (Slice theorem [16, §B.2]). Let M be a manifold with an effective S1 action, x ∈M .
Then representation ρx in νx is faithful and there exists an S
1-invariant neighbourhood Ux of x and
an equivariant diffeomorphism
Ux ≃ S1 ×Gx νx := (S1 × νx)/Gx.
We will call Ux a canonical neighbourhood of x ∈M .
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From now on we restrict our attention to a special case when M is oriented, dimM = 4 and the
action of S1 has only isolated fixed pointsMS
1 ⊂M . Note that every isotropy group Gx is abelian,
therefore its linear orientation-preserving representation is a sum of irreducible representations in
C and a trivial representation. Considering separately the situations when x ∈M is fixed, and has
a finite isotropy subgroup, we have the following.
Corollary 2.9. Let M be a 4-dimensional manifold with an effective S1 action with isolated fixed
points. Given x ∈M , exactly one of the following holds:
(1) νx ≃ C× R, Gx = Zk ⊂ S1 and ρx is given by
ρx : Zk → GL(C) ≃ C∗, ρx : exp 2π
√−1
k
7→ exp 2π
√−1l
k
, gcd(k, l) = 1;
(2) νx ≃ C2, Gx = S1 and ρx is given by
ρx : S
1 → GL(C2), ρx : z 7→ diag(zw1 , zw2)
where w = (w1, w2) ∈ Z2 is the weight vector such that w1, w2 6= 0 and gcd(w1, w2) = 1.
Remark 2.10. If Gx ≃ Zk and ρx is given by l ∈ Z×k , we will say that point x ∈M is of type (k, l).
If we change the orientation of C in the identification νx ≃ C × R, then l is substituted by k − l.
In particular, if M admits an S1 invariant complex structure, l is well-defined. If k = 1, then the
stabilizer Gx is trivial and we will say that point x is regular. Clearly the type is constant along
the S1 orbit, so we can also talk about the type of a point [x] ∈M/S1.
In general, when the action of S1 on M is not free, the orbit space N =M/S1 is not a manifold.
However, in our case when dimM = 4 and there are only isolated fixed points, thanks to the slice
theorem we have a good understanding of the geometry and local structure of N :
(1) The set of regular points M reg ⊂ M is open and dense, and the quotient M reg/S1 is a
smooth manifold, such that M reg ⊂ M is the total space of a principal S1-bundle over
N reg :=M reg/S1;
(2) If x ∈M is a point of type (k, l), then a neighbourhood of [x] ∈ N is naturally isomorphic
to C/Zk×R. The latter can be identified with C×R via the map C→ C, z 7→ zk, providing
a smooth structure near [x] ∈ N ;
(3) Given a fixed point x ∈ M with weights w = (w1, w2) there are two disjoint subsets of
points of types (w1, w2) and (w2, w1) in a punctured canonical neighbourhood Ux of x.
These subsets are given by complex coordinate planes in Ux ≃ C2;
(4) If a fixed point x ∈ M has weights w = (±1,±1), then there is a neighbourhood Ux such
that the projection Ux → Ux/S1 is equivalent to the Hopf fibration projection C2 → R3. In
particular there is natural smooth structure in a neighbourhood of [x] ∈ N ;
Consider the complement of the fixed point set M0 := M\MS1 . The action S1 ×M0 → M0 is
almost free, and M0 is a Seifert fibration. In this case the orbit space N0 comes equipped with an
extra structure:
(1) The orbit space N0 inherits a natural cyclic orbifold structure. That is, given a point
x ∈ N0, its open neighbourhood Vx can be realized as Vx ≃ νx/Gx ≃ C/Zk × R and the
triples (νx, Gx, Vx) satisfy the usual gluing compatibility properties [1, §1.3]. We will call a
triple (νx, Gx, Vx) together with an identification νx/Gx ≃ Vx an orbifold chart at a point
x ∈ N0. Note that in general an orbifold chart νx is not naturally embedded into the
orbifold N0.
(2) Additionally, since in our case the orbifold structure on N0 is very special, the space N0
admits a canonical smoothing: every quotient C/Zk can be identified with C. With this
identification, the set of points of any given type (k, l) forms a smooth submanifold Z ⊂ N0
of codimension 2.
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If the action S1 ×M →M is free, then we can recover M from the orbit space N =M/S1 and
a characteristic class
e(M → N) ∈ H2(N,Z)
representing the Euler class of the bundle M → N . Specifically, we have the following standard
topological characterization of principal bundles:
Proposition 2.11. Given a topological space N and a class e ∈ H2(N,Z) there exists a unique
(up to equivalence) principal S1 bundle M → N such e(M → N) = e.
While the above proposition holds if N is merely a topological space, if N is a manifold there is
a differential-geometric refinement.
Proposition 2.12. Given any manifold N and a closed form β ∈ Λ2(N,R) such that β/2π repre-
sents a class e ∈ H2(M,Z), let π : M → N be the principal S1 bundle corresponding to the class e.
Then there exists a principal connection η in M such that its curvature form is β. If η′ is another
connection with the same curvature, then
η − η′ = π∗α
where α ∈ Λ1(N,R) is a closed one-form.
Any function f ∈ C∞(N,S1) ≃ C∞(N,R) × H1(N,Z) defines a gauge equivalence on M such
that η ∼ η+ π∗df . Hence, modulo gauge equivalence, the connection η is defined up to an element
in H1(N,R)/H1(N,Z).
Remarkably, the above classical results can be generalized to the case of almost free actions
and Seifert fibrations. To formulate the generalization of Proposition 2.11 we need to extend the
definition of the Euler class to Seifert fibrations.
Definition 2.13 (Euler class). Let M → N be a Seifert fibration with points of types {(ki, li)}.
Define k := lcm({ki}). Then there is a free action of S1/Zk on the quotient space M/Zk with the
orbit space N . Then we can define the usual Euler class e(M/Zk → N) ∈ H2(N,Z) of the principal
bundle M/Zk → N . The Euler class of the fibration M → N is
e(M → N) := 1
k
e(M/Zk → N) ∈ H2(N,Q).
If M → N is a Seifert fibration, then points of its orbit space N can be marked with a type (k, l)
according to the local structure provided by the slice theorem (see Remark 2.10). It turns out that,
conversely, given a manifold N with marked submanifolds of codimension two and a cohomology
class e ∈ H2(N,Z), we can recover the Seifert fibration (uniquely if H2(N,Z) has no torsion).
Namely, we have the following specialization of [19, Prop.30] to the case dimN = 3.
Proposition 2.14. Consider a manifold N , dimN = 3 and {Zi ⊂ N} a collection of cooriented
pairwise non-intersecting one-dimensional submanifolds. Let 1 6 li < ki be integers, gcd(li, ki) = 1
and e ∈ H2(N,Z).
Then there exists a Seifert fiber bundle π : M → N such that π−1(Zi) ⊂ M is the set of points
of type (ki, li), all other points are regular, and
e(M → N) = e+
∑
i
li
ki
[Zi] ∈ H2(N,Q).
If H2(N,Z) has no torsion, M is uniquely defined.
Remark 2.15. Proposition 2.14 states that Seifert fibration M → N can be recovered from the
marked orbit space (N, {Zi, (ki, li)}) and a cohomology class e ∈ H2(N,Z). If we realize N as
the orbit space M/S1, then we can think of N as an orbifold with orbifold charts Vx of the form
C × R → C/Zki × R ≃ Vx, where x ∈ Zi and Zi ∩ Vx = {0} × R. This orbifold structure depends
only on the underlying smooth manifold N and the collection {Zi, ki}.
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Our next goal is to formulate and prove an analogue of Proposition 2.12 for Seifert fibrations. To
do that, we first need to define smooth tensors on orbifolds and introduce the notions of connections
and basic differential forms in Seifert fibrations.
Definition 2.16 (Smooth tensors on orbifolds). Let N be a smooth 3-dimensional manifold, and
{Zi ⊂ N} a collection of pairwise non-intersecting one-dimensional manifolds, together with integers
{ki}, defining an orbifold structure Norb on N . A smooth tensor field T on the orbifold Norb, is a
collection of tensors Tα in the orbifold charts (Wα, Gα, Vα) such that Tα is a smooth Gα-invariant
tensor in Vα, compatible with the gluing maps. In particular, T defines a smooth tensor field in
the usual sense on the regular open dense part N reg = N\ ∪i Zi.
There is natural one-to-one correspondence between the set of smooth Riemannian metrics on
the orbifold Norb as above and the set of Riemannian metrics on the underlying manifold N with
cone singularities along {Zi} of angles 2π/ki.
Definition 2.17 (Basic differential forms). Let X ∈ Γ(M,TM) be the vector field generating an
almost free S1 action on M . A differential form α ∈ Λq(M,R) is basic with respect to the vector
field X if
iXα = Lxα = 0.
We will denote the space of basic q-forms by Λqb(M,R). The de Rham differential preserves the
subcomplex Λ∗b(M,R) ⊂ Λ∗(M,R), thus we can define basic cohomology H∗b (M,R) to be the coho-
mology of (Λ∗b(M,R), d).
The basic cohomology ring can be defined for any foliation on a manifold M . However, in our
case the vector field X generates an almost free S1 action, and there is a natural isomorphism
π∗ : Λq(Norb,R)→ Λqb(M,R).
De Rham cohomology of (Λq(Norb,R), d) is isomorphic to the usual singular cohomology H∗(N,R).
Combining this observation with a general result of Koszul [20] we see that map π∗ induces an
isomorphism
π∗ : H∗(N,R)→ H∗b (M,R).
Definition 2.18. A connection on a Seifert bundle π : M → N is an S1 invariant differential form
η ∈ Λ1(M,R) such that η(X) = 1. The curvature of a connection η is a basic differential form
β := dη.
Clearly, the difference of two connections is a basic one-form. Furthermore, we can always
construct a connection η by choosing an S1 invariant Riemannian metric on M , and taking the
orthogonal projection TM → R · X onto the vertical space spanned by X. Therefore, the set of
connections on M is an affine space modeled on Λ1b(N,R). Orbifold version of the Chern-Weil
theory implies that closed basic differential form β/2π represents the Euler class e(M → N) in
H2b (M,R) ≃ H2(N,R).
Proposition 2.19. Let N be a smooth 3-dimensional manifold, and {Zi ⊂ N} a collection of
cooriented pairwise non-intersecting one-dimensional manifolds. Let 1 6 li < ki be integers,
gcd(ki, li) = 1 and Norb be the corresponding orbifold. Then given a closed form β ∈ Λ2(Norb,R)
such that
[β/2π] = e+
∑
i
li
ki
[Zi] ∈ H2(N,Q)
where e ∈ H2(N,Z) is an integral class, there exists a Seifert fibration π : M → N with a connection
η and curvature dη = β.
Seifert fibration π : M → N is unique if H2(N,Z) has no torsion. Modulo gauge equivalence,
connection η is unique if H1(N,R) = 0.
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Proof. First, let us use Proposition 2.14, to construct a Seifert fibration π : M → N associated to
the data (N, {Zi, ki, li}, e). Let η′ be any connection in the fibration, and denote by β′ := dη′ its
curvature form. The form β′/2π represents the class e(M → N) = e +∑i li/ki[Zi] ∈ H2(N,Q).
Then basic forms β and β′ represent the same cohomology class inH2b (M,R) ≃ H(N,R). Therefore,
there exists a basic 1-form α ∈ Λ1b(M,R) such that
β = β′ + dα.
Then η := η′ + α is the required connection with curvature β.
Uniqueness of N follows from Proposition 2.14. If η0 is another connection with curvature β,
then η0 = η + α, where α is a closed basic 1-form. Since H
1(N,R) = 0, we have α = df where f is
a smooth function on the orbifold Norb. Function f ∈ C∞(Norb,R) generates a gauge equivalence
on M → N , transforming η into η0. 
3. Generalized Ka¨hler structures with S1 symmetries
In this section we will study generalized Ka¨hler structures (M4, g, I, J) with generically nonzero
Poisson tensor σ, admitting an S1 symmetry generated by a vector field X. First, we focus on the
nondegeneracy locus, where the GK structure is recovered by a symplectic triple as in Proposition
2.4. Where the action is free, it is locally tri-Hamiltonian, and we define the moment map µ, which
is a local submersion onto a domain in R3µ. The GK structure defines a metric h on this domain,
determined explicitly in terms of the angle function p, and furthermore the original GK structure
is recovered in terms of h and W−1 = g(X,X), yielding Theorem 1.1 (cf. Theorem 3.2).
We then turn to addressing the case of an effective S1 action. We derive the necessary asymptotics
for W at a fixed point of the action, then prove a removable singularity result, showing that a real
analytic metric in our ansatz, defined on a punctured ball and satisfying the necessary asymptotics,
will extend in a C1,1 way across the missing point. Using the explicit form of the torsion we are
able to then show that the entire GK structure extends in C1,1 sense across the puncture. This
leads to Theorem 3.8, a version of Theorem 3.2 which allows for fixed points of the action.
We finish this section with a discussion of some fundamental examples. First we recast the GK
structures on the standard Hopf surface in this language, then do the same for the examples of
GK structures on diagonal Hopf surfaces constructed in [29]. Lastly we recover the anti-self-dual
metrics of LeBrun on parabolic Inoue surfaces [21] in this ansatz. This requires two key further
steps, namely showing that the extensions across fixed points of the action are not just C1,1 but
smooth, and also extending across the degeneracy loci for the associated Poisson tensor. These
points were treated explicitly by LeBrun, and we briefly indicate how to translate his setup to ours.
We note that we are not able to give a general answer to these two points, namely the smooth
extension across fixed points and the gluing in of degeneracy loci. However, starting in the next
section, we will see that in the case of solitons, we have further structure which allows for a complete
answer to these questions.
3.1. Nondegenerate GK structures with free S1 action. Assume that a nondegenerate GK
manifold (M4, g, I, J) admits a free S1-action preserving g, I, and J and let X be the vector field
generating this action. In this case we have a smooth orbit space N =M/S1 and M is realized as
a total space of a principal S1-bundle:
(3.1) π : M →M/S1 = N.
Our first aim in this section is to give a local description for (M,g, I, J) in terms of two scalar
functions on the orbit space N . To this end we start with the construction of a moment map
µ : M → R3 generalizing the moment map of the Gibbons-Hawking ansatz [13] in hyperKa¨hler
geometry.
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The vector field X preserves the symplectic forms Ω, IΩ and JΩ, hence we have:
d(iXΩ) = d(iXIΩ) = d(iXJΩ) = 0.
If we furthermore assume the vanishing of the corresponding cohomology classes:
[iXΩ] = [iXIΩ] = [iXJΩ] = 0 ∈ H1dR(M),
then the vector field X is Hamiltonian with respect to each of three symplectic forms, and we can
define the momentum map
µ : M → R3, µ = (µ1, µ2, µ3),
such that
dµ1 = iXΩ, dµ2 = iXIΩ, dµ3 = iXJΩ.
In this case we say that the action S1×M →M is tri-Hamiltonian. Since the target of the moment
map — the space R3 with distinguished coordinates (µ1, µ2, µ3) — will appear in this paper many
times, we reserve for it the special notation R3µ .
If the action of X is not tri-Hamiltonian, i.e., some of the forms iXΩ, iXIΩ and iXJΩ are not
exact, then one can take an appropriate Zk-cover M˜ →M , such that the pullbacks of these forms
are exact and the action of S1 on M lifts to a tri-Hamiltonian action on M˜ . From now on in
this section, we assume that the action of S1 on M is tri-Hamiltonian with respect to all three
symplectic forms.
Proposition 3.1. Given a nondegenerate GK structure (M,g, I, J) with a free tri-Hamiltonian S1
action, there exists a local diffeomorphism
ι : M/S1 → µ(M) ⊂ R3µ
such that
ι ◦ π = µ.
Proof. Since X ∈ ker dµ, the moment map is constant on the S1-orbits of X, hence the map
µ : M → R3µ descends to a map ι : M/S1 → R3µ. Since symplectic forms Ω, IΩ and JΩ are linearly
independent, nondegenerate, and X is nonzero, the moment map µ : M → µ(M) is a submersion
with the kernel generated by X, therefore ι must be a local diffeomorphism. 
Consider, in addition to the angle function
p : M → (−1, 1), p := −14 tr(IJ),
a function W : M → (0,+∞)
W := g(X,X)−1.
Both functions p and W are invariant under the S1 action and thus descend to the orbit space
M/S1. Since the discussion below has a local nature, we will use ι : M/S1 → R3µ to identify a
neighbourhood of a point in M/S1 with an open subset in µ(M). In particular in a neighbourhood
of any point x ∈M/S1 functions {µ1, µ2, µ3} provide local coordinates.
The principal bundle (3.1) carries with it a decomposition of the metric and complex structures
according to the discussion of §2. Given a given point x ∈M we have the orthogonal decomposition
of the tangent space into the vertical and the horizontal subspaces
TxM = RX ⊕Hx, Hx = 〈IX, JX,KX〉.
Thus we can define a connection 1-form η ∈ Λ1(M,R) by setting η(X) = 1 and prescribing its
kernel:
η : TxM → R, Ker η = Hx.
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Now using Proposition 2.6 we get explicit descriptions of the metric, almost complex structures
and symplectic forms. In particular, using the definition of W , by (2.2) the metric in this basis is
given by
g =W−1

1 0 0 0
0 1 p 0
0 p 1 0
0 0 0 1− p2
 .
Note that we have two natural coframes
{X∗, (IX)∗, (JX)∗, (KX)∗} and {η, dµ1, dµ2, dµ3}.
According to the matrix expression (2.3) for Ω we have
Ω =W−1((KX)∗ ∧X∗ + (JX)∗ ∧ (IX)∗).
Hence, by the definitions of dµi, we find that
η = X∗,
dµ1 = iXΩ = −W−1(KX)∗,
dµ2 = iIXΩ = −W−1(JX)∗,
dµ3 = iJXΩ =W
−1(IX)∗,
(3.2)
Therefore, the metric g can be expressed as
g = Wπ∗h+W−1η2,
h = (1− p2)dµ21 + dµ22 + dµ23 − 2pdµ2dµ3.
(3.3)
It remains to understand what restrictions on functions p, W and connection 1-form η are
imposed by the closedness of Ω, IΩ, JΩ. We first express these forms in the basis {dµ1, dµ2, dµ3, η}
as
Ω =W−1 ((KX)∗ ∧X∗ + (JX)∗ ∧ (IX)∗)
= −(dµ1 ∧ η +Wdµ2 ∧ dµ3),
IΩ =W−1 ((JX)∗ ∧X∗ + ((IX)∗ + p(JX)∗) ∧ (KX)∗)
= −dµ2 ∧ η +W (dµ3 − pdµ2) ∧ (−dµ1),
JΩ =W−1 (−(IX)∗ ∧X∗ + (p(IX∗) + (JX)∗) ∧ (KX)∗)
= −dµ3 ∧ η +W (pdµ3 − dµ2) ∧ (−dµ1).
(3.4)
To determine the necessary condition we first recall that the curvature of the principal S1-connection
η is a closed basic 2-form in Λ2bas(M,R), which we identify with a pullback of a closed 2-form
β ∈ Λ2(M/S1,R) under projection π : M → M/S1. In particular, we have that form β represents
a class in H2(M/S1, 2πZ) ⊂ H2(M/S1,R). We omit the pullback in the notation and express
curvature form
β := dη = βijdµi ∧ dµj .
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By taking the exterior derivative of the equations in (3.4), we obtain that in the coframe dµi the
components of β are given by
β23 =W1,
β31 =W2 + (pW )3
β12 =W3 + (pW )2,
(3.5)
where here and in the sequel fi means the partial derivative of a function f with respect to µi.
Now, if W and η satisfy system (3.5), then computing d(dη) = 0 we find
(3.6) W11 +W22 +W33 + 2(pW )23 = 0.
Furthermore the form β defined by (3.5) can be expressed as
(3.7) β = ∗hdW +Wβ0, β0 := dµ1 ∧ (p2dµ2 − p3dµ3),
where ∗h is computed with respect to the orientation of R3µ given by dµ1 ∧ dµ2 ∧ dµ3.
The discussion above proves that any nondegenerate GK manifold (M,g, I, J) with a free S1
action has a principal S1-bundle structure π : M →M/S1 together with an open map ι : M/S1 →
R3µ and the metric and complex structure are completely determined by the two scalar functions W
and p solving equation (3.6). Crucially, the converse is also true: given an open map ι : N → R3µ ,
dimN = 3, functions p,W on N solving (3.6) and a compatible connection 1-form η, one can
construct GK structure on the principal S1 bundle P → N defined by the above data. Summarizing,
we have the following theorem:
Theorem 3.2 (Generalized-Ka¨hler Gibbons-Hawking ansatz). Fix a smooth 3-dimensional mani-
fold N and consider
(1) an open map ι : N → R3µ,
(2) smooth functions
p : N → (−1, 1), W : N → (0,+∞)
solving the equation
W11 +W22 +W33 + 2(pW )23 = 0,
such that the closed differential form β ∈ Λ2(N,R)
β = (W3 + (pW )2)dµ1 ∧ dµ2 − (W2 + (pW )3)dµ1 ∧ dµ3 +W1dµ2 ∧ dµ3
represents a class in H2(N, 2πZ),
(3) a connection form η with curvature β in the principal S1-bundle π : M → N determined by
[β].
Then the total space of the principal S1-bundle M admits a nondegenerate GK structure
(M,g, I, J)
with
g =Wh+W−1η2, h = (1− p2)dµ21 + dµ22 + dµ23 − 2p dµ2dµ3,
and I, J the unique almost complex structures such that the complex-valued 2-forms
ΩI :=(−dµ1 +
√−1dµ2) ∧ (η +
√−1W (dµ3 − pdµ2)),
ΩJ :=(−dµ1 +
√−1dµ3) ∧ (η +
√−1W (−dµ2 + pdµ3)),
are holomorphic with respect to I and J respectively.
Conversely any nondegenerate GK manifold (M,g, I, J) with a free isometric tri-Hamiltonian S1
action arises via this construction.
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Proof. Forms ΩI and ΩJ satisfy the assumptions of Proposition 2.4 defining the corresponding
integrable complex structures I and J . Furthermore, tensors Ω = Re(ΩI), I, J and g are chosen
to satisfy the presentation in Proposition 2.6 in the basis {X, IX, JX,KX}. In particular,
Ω−1 =
1
2
g−1[I, J ]
does not vanish identically, since I and J do not commute Therefore (M,g, I, J) is a nondegenerate
GK structure with a free S1 symmetry.
Conversely, given any nondegenerate GK structure (M,g, I, J) with a free S1 symmetry, we can
identify M with the total space of an S1-bundle and express g, ΩI and ΩJ through functions W
and p as in equations (3.3) and (3.4). 
Remark 3.3. Given any smooth function p : R3µ → (−1, 1) one can always solve the corresponding
elliptic equation for W at least locally. Therefore the germ of any function p : R3µ → (−1, 1) can be
realized on some nondegenerate GK manifold with S1 symmetry.
To simplify further computations, we observe a useful change of coordinates in R3µ suggested by
the structure of h.
µ+ :=
1
2(µ2 + µ3), µ− :=
1
2 (µ2 − µ3).
In these coordinates the metric h of (3.3) diagonalizes and takes the form
(3.8) h = (1− p2)dµ21 + 2(1− p)dµ2+ + 2(1 + p)dµ2−.
Furthermore, the equation (3.6) for W takes form
(3.9) W11 +
1
2((1 + p)W )++ +
1
2 ((1− p)W )−− = 0.
In the rest of this paper, we will use (µ1, µ+, µ−) as the coordinates on R3µ.
3.2. Nondegenerate GK structures with effective S1 action. Theorem 3.2 provides classifi-
cation of nondegenerate GK structures with free S1 action. Our next step is to relax this assumption
and allow the S1 to have nontrivial isotropy subgroups. The following lemma shows that in the
nondegenerate case the only new possibility is the presence of fixed points.
Lemma 3.4. Let (M,g, I, J) be a nondegenerate GK manifold, dimRM = 4. Then an effective
action of S1 on (M,g, I, J) is free outside of a discrete set of points MS
1 ⊂M . If y ∈M is a fixed
point, then the isotropy representation of S1 in TyM has weights (±1,±1).
Proof. Since the action of S1 preserves I and J , the fixed point set MS
1 ⊂ M must be I and
J-holomorphic. Complex structures I and J are compatible with g, induce the same orientation
and I 6= ±J on M . Since dimRM = 4, it implies that Ker(I ±J) = 0. Thus we conclude that MS1
must be zero-dimensional. To prove that the action of S1 is free outside the fixed point set MS
1
,
assume on the contrary that for some x ∈ M\MS1 we have Stab(x) = Zk ⊂ S1. Then Z := MZk
must be I and J-holomorphic. On the other hand Z is at least one-dimensional, since it contains
S1 · x. Therefore Z must coincide with the whole M and the action of S1 on M is not effective.
Now let y ∈M be a fixed point, and let w = (w1, w2) be the weights of the representation of S1
in TyM :
TyM = L1 ⊕ L2, Li ≃ C
where the action of S1 ≃ U(1) on Li is given by t · z = twiz. Since the action of S1 on the
complement of the fixed point set is free, we necessarily have wi = ±1, as claimed. 
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We next analyze the local behavior of W near a fixed point. Fix y ∈ MS1 . By Lemma 3.4, a
small S1-invariant open ball Uy around y is equivariantly diffeomorphic to a unit ball in C2 with
the standard diagonal action of S1 via coordinate-wise complex multiplication:
e
√−1t · (z1, z2) = (e
√−1tz1, e
√−1tz2).
Therefore, there exist spherical coordinates (s, ρ) ∈ S3× [0, 1)ρ on Uy such that the projection onto
the orbit space Uy → Uy/S1 is given by
pr: S3 × [0, 1)ρ → S2 × [0, 1)r , pr(s, ρ) = (χ(s), ρ2/2)
where S2 × [0, 1)r ≃ Uy/S1 and the map χ : S3 → S2 is given by the Hopf fibration. Using this
local model of the projection M → M/S1, we conclude that if the S1 action on a 4-dimensional
manifold is free outside the fixed point set, then the orbit space M/S1 admits a structure of a
smooth 3-dimensional manifold, such that the projection π : M →M/S1 is a smooth map with dπ
surjective outside of the fixed point set.
Local model of the projection M →M/S1 near a fixed point y ∈ M implies that the curvature
form β of the principal bundle
Uy\{y} → (Uy\{y})/S1
must pair to −2π with the homology class of a 2 sphere enclosing the center of (Uy\{y})/S1 ≃
B1(0;R3): ∫
S2
β = −2π.
Moreover, since the vector field X has a simple zero at y, we have W (x) = g(X,X)−1 ∼ ρ−2 near
y ∈ Uy, so that W (x) descended to Uy/S1 must blow up as r−1 for r → 0. Similarly |dW |h ∼ r−2
as r→ 0.
Now we prove a partial converse of the above local observation about the behavior of W and β
near the image of the fixed point.
Proposition 3.5 (Removable singularity result for the metric). Let B3 be the unit ball in R3
centered at the origin. Assume that metric h and 2-form β0 in B
3 are real analytic. Let W be a
positive solution to
dβ = 0, β := ∗hdW +Wβ0
in B3\{0} such that W (x)/r → 1/2 and |dW |h(x) = o(r−3) as r := dh(0, x)→ 0. Then
• β pairs to −2π with any 2-sphere enclosing the origin oriented by the outward normal vector;
• the total space P of S1-bundle with the connection η such that dη = β over B3\{0} is
diffeomorphic to B4\{0}, where B4 is a unit ball in R4;
• the metric completion of (P, g), g =Wh+W−1η2 is diffeomorphic to B4 ⊃ B4\0, and the
metric g extends to a C1,1 metric across 0 ∈ B4.
Proof. With our assumptions on coefficients of equation dβ = 0 and on the solutionW , we can apply
a general result about fundamental solutions to elliptic equations with analytic coefficients [18].
Specifically, using [18, §6] (see also discussion on p. 275), we conclude that, in the notations of the
cited paper, W (x) = K(x, 0) +A(x), where A(x) is analytic in B3 and K(x, z) is the fundamental
solution for the Dirichlet problem dβ = 0. Further, using the decomposition [18, eq. 5.14] and the
fact that the leading term in the decomposition is proportional to 1/r (see discussion on p.290), we
find that function W admits a decomposition
(3.10) W =
1
2r
+
∞∑
k=0
αk(ζ)r
k,
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where (r, ζ) ∈ (0, 1) × S2 are spherical coordinates, functions αk(ζ) are analytic and the series is
absolutely convergent with all its derivatives.
To prove the first claim, we note that since β is closed, the pairing is independent of the choice
of sphere. If we take Sǫ := {r = ǫ}, then using the decomposition (3.10)∫
S2ǫ
β = lim
ǫ→0
∫
S2ǫ
β = lim
ǫ→0
∫
S2ǫ
∗hdW = lim
ǫ→0
∫
S2ǫ
∂W
∂r
dσǫ = −2π.
proving the first claim. The second claim follows from a simple topological observation. The
principal bundle P is uniquely determined by a class [β] ∈ H2(B3\{0}, 2πZ) ≃ 2πZ, and the
bundle corresponding to −2π is diffeomorphic to the total space of the standard Hopf fibration
B4\{0} → B3\{0}, which extends to a smooth map B4 → B3.
Our next goal is to prove the C1,1 extension of g in this chart, following the argument of Le-
Brun [21]. In the exponential coordinates (r, ζ) ∈ (0, 1) × S2, the metric h can be written as
h = dr2 + r2hSr ,
where hSr is an analytic family of metrics on S
2 such that hSr → hS0 , where hS0 is the standard round
metric on the unit sphere. Decompose metric h as
h = h′ + h′′, h′ := dr2 + r2hS0 ,
i.e., h′ is the flat metric in exponential coordinates, and h′′ is the remainder. Since h′′ is analytic,
and h′ matches h1 up to order 2 near the origin, we have
h′′ =
∞∑
k=2
rkh′′k(ζ),
where h′′k is a family of symmetric two-tensors on R
3 parametrized by ζ ∈ S2.
Using the above two series expansions and inspecting the closedness of β = ∗hdW +Wβ0 in this
decomposition, we find that
β = ∗h′d
(
1
2r
)
+ dγ, γ = dr
∞∑
k=0
rkγ′k(ζ) +
∞∑
k=1
rkγ′′k(ζ),
where γ′k(ζ) and γ
′′
k (ζ) are analytic functions and 1-forms on the sphere S
2. In particular, after
a gauge transform η = η0 + γ, where η0 is the connection form of the standard Hopf fibration
B4 → B3 given by the flat metric on B4.
Let, as above, pr: S3 × [0, 1)ρ → S2 × [0, 1) be the projection given by pr(x, ρ) = (χ(s), ρ2/2),
where χ : S3 → S2 is the Hopf fibration on a 3-sphere. In particular, pr∗dr = ρdρ. By slight abuse
of notation, we omit pr∗ in front of h, h′, h′′ and W , below. As is well known from the geometry of
the Hopf fibration B4 → B3, metric
g′ :=
1
ρ2
h′ + ρ2η20 = dρ
2 + ρ2(hS0 + η
2
0)
on B4\{0} is flat and extends smoothly across {0} ∈ B4. Now we observe that on B4\{0}
g − g′ = (W (h′ + h′′) +W−1(η0 + γ)2)− g′
=Wh′′ + (W − ρ−2)h′ + (W−1 − ρ2)η20 +W−1(2γ ⊗ η0 + γ2).
Using the series expansion above we find that
g − g′ =
∞∑
k=2
ρkg′′k(ξ),
where g′′k(ξ) is an analytic family of symmetric 2-tensors on R
4 depending on ξ ∈ S3. This difference
extends to a C1,1 symmetric tensor on B4.
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
Remark 3.6. If metric h and form β0 are additionally SO(3)-rotationally symmetric around 0, then
the C1,1-regularity of g can be upgraded to C∞ (analytic), since coefficients in all the expansions
are constant. This is the case with the original Gibbons-Hawking ansatz and LeBrun’s construction
of self-dual metrics [21].
Proposition 3.5 ensures that metric g of a certain form on the total space of a principal bun-
dle B4\{0} → B3\{0} has a C1,1-extension over the origin. If the principal bundle B4\{0} →
B3\{0} ⊂ R3µ and the metric g are given by Theorem 3.2 then we have a nondegenerate GK struc-
ture (B4\{0}, g, I, J). The following proposition ensures that not only the metric, but the whole
GK structure extends to a C1,1 structure on B4.
Proposition 3.7. The following hold:
(1) Suppose (B4\{0}, g, I, J) is a smooth GK structure such that g has a C1,1 extension to B4,
and H has a C0,1 extension to B4. Then there exists a C1,1 extension of (g, I, J) to B4.
(2) If B4\{0} → B3\{0} is a Hopf fibration, and there is a GK structure (g, I, J) on B4\{0}
given by Theorem 3.2, then the torsion H has a C0,1 extension to B4. In particular, the
GK structure (g, I, J) extends to a C1,1 GK structure on B4.
Proof. To show item (1), first note that by the hypotheses on the extensions of g and H, the
Christoffel symbols of the Bismut connections ∇I and ∇J have a C0,1 extension to B4. Thus we
can define I (resp.J) at the origin by the parallel ∇I (resp.∇J) transport. The C0,1 regularity of
∇I implies that the resulting almost complex structure does not depend on the choice of a path
and is C1,1.
Now we turn to item (2) and prove that the torsion 3-form H of the GK structure provided by
Theorem 3.2 in a principal S1 bundleB4\{0} → B3\{0} has a C0,1 extension. On the nondegenerate
part of a GK manifold we have an identity (see [3, Lemma 3.8]) for a Lee vector field θ#I = −g−1(∗H)
i
θ#I
Ω = − dp
1− p2 .
In our case Ω is given by
Ω = −dµ1 ∧ η + 2Wdµ+ ∧ dµ−
hence
θ#I =
1
1− p2
(
−p1X + 1
2
W−1p+
∂
∂µ−
− 1
2
W−1p−
∂
∂µ+
)
or equivalently, since g =W
(
(1− p2)dµ21 + 2(1 − p)dµ2+ + 2(1 + p)dµ2−
)
+W−1η2, we find
(3.11) θI = −W−1 p1
1− p2 η +
p+
1− pdµ− −
p−
1 + p
dµ+.
The construction of Proposition 3.5 provides a smooth map pr: B4 → B3 such that X is a
smooth vector field on B4 vanishing at the origin and the metric g has a C1,1 extension. Therefore
pull back of a Ck,α function on B3 is also Ck,α on B4. This implies that
p1
1− p2X,
p+
1− pdµ−,
p−
1 + p
dµ+
extend to C∞ vector field and differential forms on B4. Therefore, since g is C1,1, tensors θ#I , θI
and H all have a C1,1 extension over B4. 
We can summarize the above observations as follows (compare with Theorem 3.2).
Theorem 3.8 (Generalized-Ka¨hler Gibbons-Hawking ansatz II). Consider
(1) an open map ι : N → R3µ,
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(2) a discrete subset {xi} ⊂ N ,
(3) smooth functions
p : N → (−1, 1), W : N\{xi} → (0,+∞)
solving equation
W11 +W22 +W33 + 2(pW )23 = 0,
such that the closed differential form β ∈ Λ2(N\{xi},R)
β = −(W3 + (pW )2)dµ1 ∧ dµ2 + (W2 + (pW )3)dµ1 ∧ dµ3 −W1dµ2 ∧ dµ3
represents a class in H2(N\{xi}, 2πZ), and for any xi ∈ {xi} we have W (x)/r → 1/2 and
|dW |h(x) = o(r−3) as r := dh(xi, x)→ 0,
(4) connection form η with curvature β in the principal S1-bundle π : P → N\{xi} determined
by [β].
Then there exists a unique GK structure (M,g, I, J) with a tri-Hamiltonian S1-action with fixed
points {yi} such that
(M\{yi}, g, I, J)
is the GK structure provided by Theorem 3.2. The GK structure on M is C∞ on M\{yi} and is
C1,1 across {yi}.
Conversely any smooth nondegenerate GK manifold (M,g, I, J) with a tri-Hamiltonian S1 action
is isomorphic to a GK manifold as above.
3.3. Examples. Before we have assumed that the Poisson tensor
σ = 12g
−1[I, J ]
is everywhere nondegenerate, in particular, there was a well defined symplectic form Ω = σ−1. Now
we drop this assumption, and allow σ to vanish along a proper subset T ⊂ M . As we mentioned
in Section 2, in this situation
T = {x ∈M | Ix = ±Jx}
is the union of (possibly singular) complex one-dimensional jointly I and J-holomorphic curves.
Since S1 action on (M,g, I, J) preserves all the structure, we see that T is S1-invariant. In par-
ticular, (M\T, g, I, J) is a nondegenerate GK manifold with an effective S1 action. Therefore, we
can invoke Theorem 3.8 and conclude that an appropriate cover M˜\T is given by the construction
in the theorem. It remains to understand how and when one can glue back a degeneracy locus into
a quotient of such manifold.
We will not be able to give a complete answer to this question. Instead, in this section, we review
several known examples of GK structures with S1 symmetry and demonstrate how they arise via
the ansatz of Theorem 3.8. Later in the paper we will show how to extend GK structure across the
degeneracy locus for GK solitons.
Example 3.9 (Generalized Ka¨hler structure on the standard Hopf surface revisited). Consider the
standard Hopf surface (M,g, I, J) with the GK structure of Example 2.5. There is an S1 action
preserving the GK structure:
e
√−1t · (z1, z2) := (e
√−1tz1, e
√−1tz2).
Let C2 → (C∗)2/Z ⊂ C2\{0}/Z = M be the universal cover of the nondegenerate part of the
Hopf surface. Pick w1, w2 ∈ C to be the coordinates in C2, wi = xi+
√−1yi so that the holomorphic
symplectic forms ΩI and ΩJ are given by
ΩI = (dx1 +
√−1dy1) ∧ (dx2 +
√−1dy2)
ΩJ = d
(
log(e2x1 + e2x2)− x2 +
√−1y2
) ∧ d (log(e2x1 + e2x2)− x1 −√−1y1) .
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In these coordinates, vector field X generating the S1 action is given by X = ∂y1 + ∂y2 , and the
moment map can be recovered from iXΩI = dµ1 −
√−1dµ2 and iXΩJ = dµ1 −
√−1dµ3:
µ1 = y1 − y2 = arg z1 − arg z2,
µ2 = x1 − x2 = log |z1||z2| ,
µ3 = x1 + x2 − 2 log(e2x1 + e2x2) = log |z1z2|
(|z1|2 + |z2|2)2 .
Functions p and W in this case are
p =
e2x2 − e2x1
e2x2 + e2x1
=
|z2|2 − |z1|2
|z1|2 + |z2|2 , W
−1 = g(X,X) = 1.
Example 3.10 (Generalized Ka¨hler structure on the diagonal Hopf surfaces). LetM be a diagonal
Hopf surface with parameters α, β ∈ {z ∈ C | |z| > 1}:
M = (C2z1,z2\{0})/Γ, Γ: (z1, z2) 7→ (αz1, βz2).
In [29] we have described a family of GK structures on M determined by one scalar function. Let
us review this construction and reinterpret it through the lens of Theorem 3.2.
Let C2 → (C∗)2/Γ ⊂ C2\{0}/Γ =M be the universal cover of the nondegenerate part of the Hopf
surface. Choose wi = log zi to be the coordinates in C2, wi = xi +
√−1yi and denote a = log |α|,
b = log |β|. Given a function p : R→ (−1, 1) of a real argument 2( bax1−x2), we can define a pair of
complex structures I and J on C2 via a pair of complex-valued symplectic forms (in [29] we used
a function k = (p + 1)/2 instead of p):
ΩI = dw1 ∧ dw2,
ΩJ =
(
dw1 − a
b
dw2
)
∧
(
b(1 + p)
2a
dw1 +
1− p
2
dw2
)
.
By a direct computation, forms ΩI ,ΩJ satisfy the assumptions of Proposition 2.4, thus we have a
GK structure on C2w1,w2 . This structure descends to (C
∗)2z1,z2 , and under certain assumptions on
the asymptotic of p(x) as x → ±∞, extends to a smooth GK structure (M,g, I, J) on our Hopf
surface. Function p provides the angle function of this GK structure and metric g is given by
g = Re
(
b(1 + p)
2a
dw1 ⊗ dw1 + a(1− p)
2b
dw2 ⊗ dw2
)
.
To relate this construction to Theorem 3.2, let us choose coprime m,n ∈ Z and introduce an S1
action on M preserving the entire GK structure:
u · (z1, z2) = (umz1, unz2).
Vector field generating this action is given in coordinates (w1, w2) by
X = m∂y1 + n∂y2 ,
so that
W−1 = g(X,X) =
m2b2
2ab
(1 + p) +
n2a2
2ab
(1− p).
As in the previous example, we recover the moment map by computing iXΩI and iXΩJ :
µ1 = ny1 −my2
µ2 = nx1 −mx2
µ3 = −n
(
b
a
x1 +
1
2
χ
)
−m
(a
b
x2 +
a
2b
χ
)(3.12)
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where χ : R → R is an antiderivative of p evaluated at 2( bax1 − x2). We want to stress that this
moment map µ is defined only on the universal cover of the nondegenerate part of M .
Remark 3.11. The key new feature of the above circle action on diagonal Hopf surface is the
existence of nontrivial isotropy subgroups. Specifically, we have stabilizers
G(0,z2) ≃ Zn G(z1,0) ≃ Zm.
Because of the nontrivial isotropy groups, the orbit space M/S1 is not a manifold anymore, but
rather an orbifold. Geometrically, M/S1 is the product of S1 and a spindle 2-sphere S2(m,n) with
two cone singularities of angles 2π/n and 2π/m. In this case, moment map µ identifies the universal
cover of the smooth part of S1 × S2(m,n) with R3µ.
Presence of points with nontrivial finite stabilizers is a new phenomenon compared to S1 actions
on hyperKa¨hler 4-dimensional manifolds. By Lemma 3.4 only points on the degeneracy locus T
might potentially have nontrivial stabilizers.
Example 3.12 (LeBrun’s GK structure on parabolic Inoue surface). In [21] LeBrun has constructed
an explicit family of anti-self-dual metrics on blown-up Hopf surfaces and their deformations —
parabolic Inoue surfaces. It was later observed by Pontecorvo that this Hermitian structure on
Inoue surfaces naturally fits into a GK structure. Let us review this construction.
Let H3 denote hyperbolic 3-space modeled on the upper half-space
H3 = {(x, y, z) ∈ R3 | z > 0}, h˜ := dx
2 + dy2 + dz2
z2
.
It is well-known that given any point p ∈ H there exists a positive Green’s function Gp — a solution
to
∆
h˜
Gp = −2πδp.
Let {pj}j∈Z be a sequence of points pj = (0, 0, λj) ∈ H, λ > 1. Using the explicit form of
Gp, one can check that the sum V = 1 +
∑
j Gpj is absolutely convergent and the limit solves
Laplace equation ∆
h˜
V = −2π∑j δpj . Then we can define a 2-form β = ∗h˜dV representing a class
in H2(H\{pj}, 2πZ) and construct a principal S1 bundle M0 over H\{pj} with connection η and
curvature form β. One can then define a complex structure I as the unique complex structure such
that complex-valued symplectic form
ΩI :=
dw
w
∧
(
V
dz
z
+
√−1η
)
, w = x+
√−1y
is of type (2, 0). This complex structure is Hermitian with respect to the metric
g =
z2
x2 + y2 + z2
(
V h˜+ V −1η2
)
.
LeBrun proved that while the metric g onM0 is not complete, its completion is a complex manifold
obtained from M0 by gluing in points {pj} and a punctured plane C∗ along z = 0. This complete
manifold admits a free isometric Z action generated by scalings (x, y, z) 7→ (λkx, λky, λkz), and the
quotient space M is a compact complex surface, isomorphic to a parabolic Inoue surface.
It was observed by Pontecorvo [22, §2.3] that inversion in the hemisphere {x2 + y2 + z2 = 1}
composed with the reflection in {x = 0} plane yields an orientation preserving, isometric involution
j : M0 →M0, and denoting by J the pullback of I under this involution, we obtain a GK structure
(M,g, I, J). The degeneracy locus of this GK structure consists of the disjoint union of an elliptic
curve (the quotient of the glued in copy of C∗ along z = 0) and a cycle of k rational curves over
{x = y = 0} ⊂ H.
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Now, we can relate this construction to the Gibbons-Hawking ansatz by evaluating iXΩI and
iXΩJ = iXj
∗(ΩI) on the universal cover of the nondegenerate part of M :
µ1 = argw,
µ2 = log |w| = 1
2
log(x2 + y2),
µ3 = log(x
2 + y2 + z2)− 1
2
log(x2 + y2).
Or equivalently µ+ =
1
2 log(x
2 + y2 + z2) and µ− = 12(log(x
2 + y2)− log(x2 + y2 + z2)). The range
of the moment map is {µ− < 0} ⊂ R3µ.
We can rewrite the metric g as
g =W
(
z2
x2 + y2 + z2
)2
h˜︸ ︷︷ ︸
:=h
+W−1η2, W :=
x2 + y2 + z2
z2
V.
With this change of perspective, equation ∆
h˜
V = 0 translates into an equivalent equation (3.6)
for W and the curvature form β = ∗
h˜
dV matches form (3.7). As before, moment map is defined
only on the universal cover of the nondgenerate set, and the entire parabolic Inoue surface is the
completion of a quotient of a local model provided by Theorem 3.2.
4. Generalized Ka¨hler-Ricci solitons
In this section we turn to analyzing generalized Ka¨hler-Ricci solitons. We first establish the
fundamental point that for a pluriclosed soliton, the vector field V = 12(θ
# −∇f) is holomorphic,
and IV is Killing. We thus have potentially two Killing fields in the case of generalized Ka¨hler-
Ricci solitons. By further analysis we prove in Proposition 4.5 that, either these vector fields
both vanish, yielding hyperKa¨hler structure, one is a quotient of the standard Hopf surface, or
one of these vector fields is biholomorphic. The last case of course is our main interest, yielding
a structure in the setting of §3. A key point in this setting is to obtain a scalar reduction for
the soliton equation, and in particular in Proposition 4.8 we obtain an explicit local form for the
angle function p in R3µ up to a choice of two real parameters. We finish by rederiving the solitons
constructed in [29] in this ansatz, and show how it leads to a certain explicit solution W˜ to the
elliptic equation (3.9) depending on the real parameters determining p.
4.1. Fundamental structure. Recall that a GK structure (M,g, I, J) is a (steady, gradient)
soliton, if there exists a function f : M → R such that
(4.1)
{
Rc−14H2 +∇2f = 0
d∗H + i∇fH = 0
where Rc = RcM,g is the Ricci curvature of g and H := −dcIωI = dcJωJ .
We recall the well-known fact that the Ka¨hler-Ricci soliton equations imply that the soliton vector
field ∇f is holomorphic, with I∇f a Killing field. It turns out that a similar phenomenon holds
here for the modified vector field θ#−∇f (previously established in [25] for the 4-dimensional case).
Specifically, we have the following equivalent formulation of the soliton system. In this statement,
(M,g, I) is not necessarily a part of GK structure, but merely a pluriclosed Hermitian manifold.
Proposition 4.1. Let (M2n, g, I) be a pluriclosed Hermitian manifold (i.e. ddcIωI = 0). Then
metric g, 3-form H = dcIωI and a function f : M → R solve the soliton system (4.1) if and only if
vector field
V = 12
(
θ#I −∇f
)
.
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satisfies
(4.2)

LV I = 0
LIV g = 0
LV ωI = ρ1,1I
In particular vector field IV is holomorphic and Killing.
Proof. We claim that after splitting the soliton equations (4.1) by holomorphic types we have the
following equivalences:
(Rc−14H2 +∇2f)2,0 = 0,⇐⇒ (LV g)2,0 = 0
(d∗H + i∇fH)2,0 = 0⇐⇒ (LV ωI)2,0 = 0
(Rc−14H2 +∇2f)1,1 = 0,⇐⇒ (ρI(I·, ·) + LV g)1,1 = 0
(d∗H + i∇fH)1,1 = 0⇐⇒ (LIV ωI)1,1 = 0.
(4.3)
Indeed, denote by ∇C the Chern connection on (M,g, I) and by T kij the components of its torsion
tensor. Let θI = θidz
i+θjdz
j , θi = T
k
ik and θ
#
I = g
ij(θi∂j+θj∂i) be the local coordinate expressions
for the Lee form and the Lee vector field respectively. By the computations of [28, Prop. 6.3] we
know that
(4.4) Rc−14H2 + L1
2θ
#
I
g = −ρ1,1I (I·, ·),
Therefore,
(Rc−14H2 +∇2f)2,0 = 12(−Lθ#I g + L∇fg)
2,0 = −(LV g)2,0.
This establishes the first equivalence of (4.3).
Furthermore, by an explicit computation
(d∗H)2,0 = −√−1 ∂∗∂ω = √−1[∇Ck T kij + θkT kij]dzi ∧ dzj
=
√−1(L
θ#I
ω)2,0.
Next we have
(i∇fH)2,0 = −
√−1(i∇fdω)2,0 = −
√−1(i∇fdω + ddcf)2,0 = −
√−1(L∇fω)2,0.
Collecting the last two identities together we find:
(d∗H + i∇fH)2,0 = 2
√−1(LV ω)2,0.
This establishes the second equivalence of (4.3).
The two quantities (LV ω)2,0 and (LV g)2,0 represent the g-symmetric and g-antisymmetric parts
of the operator LV I, thus the first two identities of (4.3) are equivalent to
LV I = 0.
Using again identity (4.4) we conclude that
(Rc−14H2 +∇2f)1,1 = −(ρI(I·, ·) + LV g)1,1.
This is the third identity of (4.3). If we also assume that V is holomorphic, we can equivalently
rewrite it as
ρ1,1I = LV ωI .
For the last identity we observe that
(d∗H)1,1 =
√−1(∂∗∂ − ∂∗∂)ω = gmn(∇CmTnji + θmTnji −∇Cn Tmij − θnTmij)dzi ∧ dzj
=gmn(∇C
j
Timn −∇Ci Tjnm + θmTnji − θnTmij) = (LIθ#ω)1,1,
28 JEFFREY STREETS AND YURY USTINOVSKIY
where we have used the following corollary of the differential Bianchi identity:
gmn(∇CmTnji −∇Cn Tmij) = gmn(∇Cj Timn −∇Ci Tjnm).
At the same time
(i∇fH)1,1 = −(iI∇fdω + diI∇fω︸ ︷︷ ︸
d2f=0
)1,1 = −(LI∇fω)1,1.
Combining the above two equations gives
(d∗H + i∇fH)1,1 = (LIV ω)1,1,
as claimed. This finishes the proof of (4.3). It remains to notice that the right hand side equations
of (4.3) are immediately equivalent to (4.2). 
The interpretation of the soliton equations (4.2) becomes particularly useful on a non-degenerate
GK manifold, since Bismut-Ricci tensors ρI and ρJ can be expressed through the associated Ricci
potential, as derived in [3]. We recall the basic elements, referring to [3] for further detail. Given a
nondegenerate generalized Ka¨hler structure (M2n, g, I, J), let
Φ = log
det(I − J)
det(I + J)
.
In dimension 4 this is determined by p, in particular
Φ = log
1− p
1 + p
.
The function Φ is in a sense analogous to the usual Ricci potential in Ka¨hler geometry. In particular,
one has
ρI = −12dJdΦ, ρJ = −12dIdΦ.
Furthermore, ([3] Lemma 3.8), the difference of Lee vector fields is Ω-Hamiltonian with potential
function Φ, i.e. (
θ#I − θ#J
)
= σdΦ.(4.5)
Definition 4.2. If a generalized Ka¨hler manifold (M2n, g, I, J) is a soliton, then both pluriclosed
structures (M2n, g, I) and (M2n, g, J) must satisfy equations (4.2). Thus we obtain vector fields
VI =
1
2
(
θ#I −∇f
)
, VJ =
1
2
(
θ#J −∇f
)
,
which are holomorphic with respect to the corresponding complex structures, as well as Killing
fields IVI and JVJ . We say the rank of the soliton is
sup
p∈M
dim span{IVI , JVJ} ⊂ TpM.
Example 4.3 (GK solitons the standard Hopf surface and its universal cover). Let (M,g, I, J) be
the standard Hopf surface with the round metric and GK structure of Example 2.5. This structure
solves system (4.1) with f = 0. Since metric g is conformally Ka¨hler with a factor (|z1|2+ |z2|2)−1,
we find that θ = −d log(|z1|2+ |z2|2). Hence vector fields VI and VJ are nowhere zero and are given
by ±12 log(|z1|2 + |z2|2). In particular IVI and JVJ are not proportional to each other, so manifold
(M,g, I, J) with function f = 0 is a GK soliton of rank two. In [12] Gauduchon and Ivanov proved
that this is the only non-Ka¨hler compact complex surface admitting a GK soliton with f = 0.
Let M˜ be the universal cover of M with the GK structure inherited from M . Clearly, we still
can think of (M˜, g, I, J) and a function f0 = 0 as a GK soliton of rank two. Consider now a new
function f1 := −12 log(|z1|2 + |z2|2). The gradient flow of this function preserves the entire GK
structure, therefore f1 (and any of its multiples) is also a solution to the soliton system. For this
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choice of the soliton function, we will have VJ = 0 and VI = 2∇f1. In particular, (M˜, g, I, J) with
a function f1 is now rank one soliton. However, since f1 does not descend to the quotient M , this
solution makes sense only on the universal cover of M .
The observed phenomenon — different soliton functions compatible with the same GK struc-
ture — can potentially occur only on non-compact manifolds with a gradient vector field preserving
the entire GK structure. In Example 4.9 below we review our construction from [29] and show that
the universal cover of a diagonal Hopf surface admits a rank one GK soliton.
Now we observe further fundamental properties of the vector fields VI , VJ on generalized Ka¨hler
Ricci solitons.
Lemma 4.4. Let (M2n, g, I, J) be a generalized Ka¨hler-Ricci soliton. Then either
(1) g is compatible with a one-parameter family of distinct complex structures
(2) IVI is J-holomorphic and JVJ is I-holomorphic. In this case [IVI , JVJ ] = 0.
Proof. Suppose IVI is not J-holomorphic. Since IVI is an I-holomorphic Killing field, we can pull
back the generalized Ka¨hler structure (g, I, J) by the one-parameter family of diffeomorphisms φt
generated by IVI to see that (φ
∗
t g, φ
∗
t I, φ
∗
tJ) = (g, I, φ
∗
t J) is generalized Ka¨hler. In particular, g is
compatible with the one-parameter family of complex structures φ∗tJ , which are distinct since IVI
is not J-holomorphic. An identical argument holds if JVJ is not I-holomorphic.
For the second claim, we prove that if IVI is J-holomorphic, then [IVI , JVJ ] = 0. Indeed, since
IV is Killing and I-holomorphic, we find LIV θI = LIV (∗dcIωI) = 0, thus
LIVIdf = LIVI (−θI + df) = −2g([IVI , VI ], ·) = 0.
Since IVI is Killing it also follows that LIVI (g−1df) = [IVI ,∇f ] = 0. Using that IVI is both I and
J-holomorphic we then obtain
[IVI , JVJ ] = J [IVI , VJ ] = −J [IVI , VI ] = 0,
where we have used the identity VJ = −VI −∇f . 
Using structures special to four dimensions, we can show in this case that without loss of gener-
ality, IVI is J-holomorphic, unless (M,g, I, J) has a very special geometry.
Proposition 4.5. Let (M4, g, I, J) be a generalized Ka¨hler-Ricci soliton. Up to exchanging the
roles of I and J , at least one of the following holds:
(1) Both VI = 0 and VJ = 0, and (M
4, g, I) is hyperKa¨hler.
(2) IVI is nonzero and J-holomorphic.
(3) IVI is nonzero, and is not J-holomorphic, and JVJ is nonzero, and is not I-holomorphic.
In this case (M4, g, I) and (M4, g, J) are isometric to a quotient of the universal cover of
the standard Hopf surface.
Proof. To address case (1), assume that both θ#I −∇f and θ#J −∇f vanish. Since on a 4-dimensional
GK manifold one has θI = −θJ , we have θ#I = ∇f = 0, i.e., (M,g, I) and (M,g, J) are Ka¨hler,
Ricci flat and in fact (g, I) is part of a hyperKa¨hler structure as discussed in §2.
Now assume without loss of generality that VI is nonzero. We first suppose that VJ is zero.
Using that θI = −θJ and θ#J = ∇f it follows that
σdΦ = (θI − θJ)# = −2(θJ)# = −2∇f.
Noting that now VI = −∇f , we have that I∇f is I-holomorphic and Killing. Also, since VJ = 0,
by (4.2) we have ρ1,1J = 0. We also know that ρ
2,0
J = 0, since Bismut-Ricci curvature is conformally
invariant, and (M,g, J) is conformally equivalent to a Ka¨hler metric (M,e−fg, J). Thus
−2LI∇fΩ = diIσdΦΩ = 2dIdΦ = −2ρJ = 0.
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Also, since σ is type (2, 0) + (0, 2) with respect to I,
LI∇fΦ = IdΦ(∇f) = 12σ(dΦ, IdΦ) = 0.
To summarize, we have shown that the vector field IVI = −I∇f preserves g, σ, and Φ = log 1−p1+p .
By rearranging formula (2.1), it is possible to express J in terms of σ, g, and p, and thus
LIVIJ = L∇fJ = 0,
yielding case (2).
Now we address the remaining case, where IVI is nonzero and not J-holomorphic and JVJ is
nonzero and not I-holomorphic. Using first the hypothesis that IVI is not J-holomorphic, by
Lemma 4.4 it follows that g is compatible with a one-parameter family of complex structures, given
by Jt = φ
∗
tJ where φt is generated by IVI . It follows from ([22] Corollary 1.6) that (M
4, g) is
antiself-dual, so W+ = 0. As is well-known, in the Ka¨hler setting W+ is determined by the scalar
curvature. In the Hermitian setting W+ is determined by the scalar curvature and dθ, and in
particular by ([6] Lemma 1), the vanishing of W+ implies that dθI is antiself-dual (noting that the
proof of the equivalence of items 1-3 in that statement is local and does not need the compactness
hypothesis and hence applies in this setting). Taking the Hodge dual of the second soliton equation,
we get an equivalent identity
d(e−fθI) = e−f (dθI − df ∧ θI) = 0.
It follows that df ∧ θI is also antiself-dual, but as a wedge product of one-forms this can only be
antiself-dual if it vanishes, hence we conclude dθI = 0. By passing to the universal cover we obtain a
smooth function φ such that θI = dφ. Now note that we have a one-parameter family of generalized
Ka¨hler structures (g, I, Jt), all of which have generically nondegenerate associated Poisson tensor.
It follows that
θJt = −θI = −dφ.
Hence, we obtain a one-parameter family of (possibly incomplete) Ka¨hler structures (g0 = e
−φg, Jt)
with fixed Riemannian metric. Thus the reduced holonomy group of (M,g0) commutes with Jt, so
must be a subgroup of SU(2), and g0 is hyperKa¨hler with complex structures (I
′, J,K) (note that
the original complex structure I is not part of this hyperKa¨hler structure, otherwise the original
structure is already hyperKa¨hler). Note that, by the conformal invariance of the Bismut-Ricci
tensor in dimension 4, it then follows that ρJ = 0, and thus VJ is a Killing field.
Now we use that JVJ is nonzero, and also not I-holomorphic. The same line of arguing above
holds with the roles of I and J reversed, leading to the conclusion that ρI = 0 and VI is a Killing
field. It follows that θI = VI − VJ is a nonzero Killing field, and thus also is parallel. The equation
(ρI)
1,1 = 0 now takes the simplified form
Rc−14H2 = 0.
The universal cover of (M4, g, I, J) now splits according to the leaves of θI , and by the last equation
and the fact that H = ∗θI it follows that the transverse metric has constant positive sectional
curvature, and is thus a quotient of S3. It follows that the universal cover of (M4, g) is a standard
cylinder S3 × R, and the complex structure I and J must be that of the lift of a standard Hopf
surface by [11]. 
Remark 4.6. Proposition 4.1 implies that the dimension of the isometry group Isom(g) of rank
one soliton (M,g, I, J) is at least 1. Going further, it is possible to reduce the study of the ‘least
symmetric’ rank one solitons to the study of the rank one solitons among GK manifolds with S1
symmetry as in Section 3.
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Proposition 4.7. Let (M,g, I, J) be a complete GK soliton of rank one. Assume that the isom-
etry group Isom(g) is one-dimensional. Then Isom(g) preserves GK structure and we have two
possibilities
(1) G ≃ R acts freely and properly on M . In particular, there is an effective free S1 ≃ R/Z
action on a GK soliton (M/Z, g, I, J);
(2) G ≃ S1.
Proof. First we note that we can assume IVI is both I and J holomorphic, since otherwise by
Proposition 4.5 (M,g) is isometric to a quotient of the standard Hopf surface, and in particular
dim Isom(g) > 1.
Without loss of generality we assume that IVI is a nonzero vector field. Then IVI generates
a one-dimensional subgroup G of Isom(g). Since the isometry group is one-dimensional itself,
Isom(g) = G. Thus either G ≃ R or G ≃ R. In either case the action of G must be proper [30,
Prop. 1], and if G ≃ R, then the action must be also free, since the isotropy subgroups of an
isometric action are compact. 
4.2. Invariant solitons. Let (M,g, I, J) be a GK soliton of rank one. Then there is a generically
nonzero vector field X preserving the structure, and we can use construction of §3 to give a local
description of (M,g, I, J) in terms of the functions p and W . In this subsection we show that on
a rank one soliton the function p can be completely described locally in the nondegenerate locus.
The key ingredients of this description are the simple expression of the Bismut-Ricci curvature and
the fact that the difference of the Lee vector fields is a Hamiltonian vector field as discussed at the
start of this section.
Proposition 4.8. Suppose (M2n, g, I, J) is a nondegenerate generalized Ka¨hler-Ricci soliton. Then
soliton vector fields VI and VJ preserve Ω, and
Φ = 2ψVI − 2ψVJ + const,
where ψVI , ψVJ denote the associated local Hamiltonian potentials.
In particular, in the case n = 2, if one has a rank one soliton with VI = aIIX, VJ = aJJX then
locally Φ satisfies
(4.6) Φ = a+µ+ + a−µ− + const, a+ = −2aI + 2aJ , a− := −2aI − 2aJ
with the associated soliton function satisfying
df =
1
2
(p(a+dµ+ + a−dµ−)− a+dµ+ + a−dµ−) .
Conversely, if Φ is given by (4.6), then 12 (p(a+dµ+ + a−dµ−)− a+dµ+ + a−dµ−) is closed, and if
it is exact with potential function f , then (M,g, I, J) is a rank one soliton with a soliton potential
function f .
Proof. Consider the solution to GKRF in the I-fixed gauge with initial data (g, I, J). By ([3]
Lemma 5.2) we know that ∂∂tΩ = 0. On the other hand all of the data evolves by pullback by the
family of diffeomorphisms generated by VI . Thus
0 =
∂
∂t
Ω = LVIΩ = d (iVIΩ) .
The same argument using GKRF in the J-fixed gauge implies that vector field VJ also preserves
symplectic structure Ω. Let ψVI and ψVJ be local Hamiltonian potentials for vector fields VI and VJ :
iVIΩ = dψVI , iVJΩ = dψvJ .
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At the same time, by definition of VI and VJ we have VI =
1
2
(
θ#I −∇f
)
, VJ =
1
2
(
θ#J −∇f
)
. Thus
by (4.5) we see that 2(VI − VJ) is Ω-Hamiltonian with potential function Φ, therefore:
Φ = 2ψVI − 2ψVJ + const.
If n = 2 and (M,g, I, J) is a rank one soliton, then there exists a vector field X preserving GK
structure and constants aI , aJ such that VI = aIIX and VJ = aJJX. By the definition of functions
µ2 and µ3, we have
iVIΩ = aIdµ2 iVJΩ = aJdµ3.
Hence, by the first part of the proposition, Φ = 2aIµ2 − 2aJµ3 + const. Introducing new constants
a+ := 2aI − 2aJ , a− := 2aI + 2aJ we can rewrite Φ as
Φ = a+µ+ + a−µ− + const.
To find the soliton function f , we observe that −∇f = VI + VJ , therefore
i∇fΩ = −aIdµ2 − aJdµ3 = −12(a−dµ+ + a+dµ−),
where the second identity is the definition of constants a− and a+. Referring to the explicit form
of Ω in (3.4) then gives the formula for ∇f . Since g =Wh+W−1η2, the latter yields the claimed
expression for df .
Conversely, assume that in the Gibbons-Hawking ansatz of Theorem 3.8 we have locally
Φ = a+µ+ + a−µ− + const
for some constants a+ and a−. Then p is also a function of a+µ+ + a−µ−, forcing the 1-form
−a+dµ+ + a−dµ− + p(a+dµ+ + a−dµ−) to be closed. Assume further that this form is exact and
equals df for some function f . We claim that the corresponding GK structure (M,g, I, J) is a GK
soliton solving (4.2) with the soliton function f .
First we note that starting with the exact expressions for Φ and df and following the above
computations backwards, one concludes that vector fields VI =
1
2(θI −∇f) and VJ = 12(θJ − ∇f)
are given by
VI = aIIX, VJ = aJJX.
Since IVI is Killing and holomorphic, it remains to prove that
ρ1,1I = LVIωI .
Using the relation between ωI = g(I·, ·) and Ω = 2[I, J ]−1g we find:
ωI =
1
2I[I, J ]Ω = −(JΩ)1,1.
Together with the identity ρI = −12dJdΦ this gives
ρ1,1I − LVIωI = −
(
1
2dJdΦ + LVI (JΩ)
)1,1
= (−dJiVI−VJΩ+ diVIJΩ)1,1
= (−dJiVIΩ+ diVIJΩ)1,1 = 0
where in the third identity we used the fact that JiVJΩ = −aJ iXΩ is closed. This proves the claim
that GK manifold (M,g, I, J) with Φ locally given by a+µ+ + a−µ− + const is a rank one GK
soliton, as long as the closed form −a+dµ+ + a−dµ− + p(a+dµ+ + a−dµ−) is exact. 
Example 4.9 (Rank one solitons on diagonal Hopf surfaces). Let (M,g, I, J) be a GK structure
on a diagonal Hopf surface as in Example 3.10 defined by a single scalar function p. Assume
additionally that parameters a, b ∈ R satisfy a/b = m2/n2, where m,n are coprime integers, and
consider the S1 action on M induced by the action on C2:
u · (z1, z2) = (umz1, unz2).
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Then using expression (3.12) for the moment map µ, we find
2
n
µ+ +
2
m
µ− =
(
1 +
a
b
)( b
a
x1 − x2
)
+
(
1− a
b
) χ
2
,
where, as in Example 3.10, χ is the antiderivative of p evaluated at 2( bax1 − x2).
The above calculation makes sense for any function p defining the GK structure onM . However,
as we proved in [29], (M,g, I, J) is a soliton if and only if p solves an ODE,(
log
1− p
1 + p
)′
=
1
2
(
1− a
b
)
p+
1
2
(
1 +
a
b
)
which is equivalent to the identity:
Φ =
2
n
µ+ +
2
m
µ− + const,
in accordance with Proposition 4.8. In particular, solitons constructed in [29] can be viewed as
rank one solitons. (Strictly speaking we have established this claim only in the case a/b = m2/n2,
with n,m ∈ Z. In general, if a/b is arbitrary, we still can run the same argument, keeping in mind
that vector field X = m∂y1 + n∂y2 generates only R action).
The above example being a GK soliton of rank one provides function W solving equation (3.9)
with a+ = 2/n and a− = 2/m. Motivated by this example, it is easy to construct an explicit
solution W˜ to the equation (3.9) with any given constants a−, a+ determining function p. In what
follows, we will use this baseline solution to modify the GK structure on a given soliton. A key
point is that W˜ is bounded below by a positive constant and on the set {|p| < 1 − δ} we have
bounds on W˜ and |dW˜ |h.
Lemma 4.10. Given constants a+, a− ∈ R and the corresponding Φ = log 1−p1+p = a+µ+ + a−µ−,
function
W˜ = (a2+(1 + p) + a
2
−(1− p))−1
satisfies equation (3.9).
Proof. As both p and W˜ are functions of the same linear combination of µ+ and µ−, we obtain
W˜11 +
1
2
(
(1 + p)W˜
)
++
+ 12
(
(1 − p)W˜
)
−−
= 12
[
a2+((1 + p)W˜ )
′′ + a2−((1− p)W˜ )′′
]
= 12
[(
a2+(1 + p) + a
2
−(1− p)
)
W˜
]′′
= 0,
as claimed. 
5. Analysis of the completion
Let (M,g, I, J) be a GK soliton of rank one. Following Remark 4.6 we assume that one of the
vector fields IVI or JVJ generates an S
1-action on M preserving the GK structure. We impose
a lower bound on the Ricci curvature RcM,g, and finiteness of the set of isolated fixed points.
The assumptions imposed on (M,g, I, J) in the rest of the paper are summarized in the following
definition.
Definition 5.1 (Complete regular rank one solitons). Let (M4, g, I, J) be a generalized Ka¨hler
manifold such that
(1) (M,g) is complete;
(2) The Poisson tensor σ of (M,g, I, J) is not identically zero;
(3) (M,g, I, J) is a rank one soliton, i.e., it satisfies equations of Definition 4.2 and span{IVI , JVJ}
is generically one-dimensional;
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(4) Either IVI or JVJ generates an S
1 action preserving the GK structure (M,g, I, J) with
finitely many fixed points. The latter is automatically satisfied if dimH∗(M,R) <∞;
(5) On the nondegeneracy locus of σ,
Φ = log
1− p
1 + p
= a+µ+ + a−µ− + const,
where µ+ and µ− are defined locally up to an additive constant, and without loss of gener-
ality we assume that a+ 6= 0;
(6) There exists a constant k such that RcM,g > −k2;
Then we call (M,g, I, J) a complete regular rank one soliton.
Our ultimate goal is to give an exhaustive classification of such GK manifolds. So far we have
obtained an explicit local description in the nondegeneracy locus of σ in terms of the functions W
and p, where now, thanks to Proposition 4.8, p is determined by the choice of constants a+, a−.
To address the global structure of complete rank one solitons we have to understand how these
local models can be patched together, and to determine their behavior and possible extension to
the degeneracy locus. In the end we will obtain a global definition of the moment map together
with a complete classification of the possible images.
5.1. Local structure near the locus {I = ±J}. In this subsection we determine the local
structure of a GK soliton near the degeneracy locus for the Poisson tensor σ. Since σ does not
vanish identically, I and J induce the same orientation, and σ will vanish precisely when I = ±J .
Define
T+ := {x ∈M | Ix = Jx}, T− := {x ∈M | Ix = −Jx}.
The sets T± are one-dimensional complex analytic subsets of M with respect to either complex
structure. Our aim is to understand local structure of the generator of the S1 action X and the
symplectic form Ω in the image of µ, near points in T = T+ ∪T−. Note that the complex-valued
form ΩI := Ω −
√−1IΩ, initially defined on M\ T, extends to an I-meromorphic (2, 0) form on
M , and similarly for ΩJ . In this section we let
X = 12
(
X −√−1IX)
denote the complex holomorphic vector field associated to X.
Proposition 5.2. Given (M4, g, I, J) a complete regular rank one soliton, the forms ΩI ,ΩJ have
poles of order 1 at T, and X does not vanish identically along T.
The proof will consist of several lemmas. Our analysis is local, and we can choose local I-
holomorphic coordinates z, w on a neighborhood U of p ∈ T+ such that gij(p) = δji and
ΩI = w
−kdz ∧ dw + higher order terms, k > 1,
and T+ ∩ U = {w = 0}.
Lemma 5.3. If X 6= 0 at x0 ∈ T+, then k = 1.
Proof. For two real-valued functions f1, f2 we will write f1 ∼ f2 if there is a positive constant C > 0
such that C−1f1 < f2 < Cf1. Let d denote the distance from the divisor T+:
d(x) := distg(x,T+).
In the I-holomorphic coordinates (z, w) as above centered at x0 we have d(x) ∼ |w|, thus in a
neighbourhood of T+ we will have
ΩI ∧ ΩI
dVg
∼ d−2k,
where dVg is the volume form associated with g.
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Fix an S1 invariant neighborhood U of x0. By (2.3) and (3.2) at x ∈ U\T+ we have
Ω =W−1 (X∗ ∧ (KX)∗ + (IX)∗ ∧ (JX)∗) ,
so that in local coordinates {µi},
ΩI ∧ ΩI = Ω ∧Ω = CWη ∧ dµ1 ∧ dµ+ ∧ dµ−.
Now, since the differentials
W−1/2η, (1− p2)1/2W 1/2dµ1, (1− p)1/2dµ+, (1 + p)1/2dµ−
form an orthonormal basis of T ∗xM , we have
Ω ∧ Ω = C(1− p2)−1dVg.
In a neighbourhood of T+ function 1 + p is bounded from above and away from zero, therefore,
it remains to estimate d(x) in terms of 1 − p. Since X 6= 0 at x0, we can shrink U to ensure that
X 6= 0 in U , and and obtain a constant C > 0 such that W := g(X,X)−1 satisfies
C−1 < W < C
in U . Then the metric g is uniformly equivalent in U to the metric
g˜ = h+ η2.
Let γ ⊂ U be a horizontal geodesic with respect to g˜ connecting x0 ∈ T+ to a point x1 ∈ U which
realizes the shortest distance between T+ and x1. In particular, d(γ(t)) ∼ t. By Theorem 3.2 the
universal cover of U\T+ admits a well-defined moment map
µ : U˜\T+ → R3µ.
Under this map geodesic γ is isometrically mapped to an h-geodesic γ0 := µ(γ). Since T+ = {p =
1}, we have p(γ0(t))→ 1 as t→ 0. By definition of Φ
p =
1− eΦ
1 + eΦ
,
thus it follows from Proposition 4.8 that along γ0(t) we have Φ = a+µ+ + a−µ− → −∞ as t→ 0.
Given the explicit form of the metric (3.8), we conclude that a+ 6= 0, since otherwise γ0(t) would
have an infinite length. So without loss of generality we assume a+ > 0. Then the length of γ0
with respect to h is bounded from above by the length of the curve γ1 with µ1 = const, µ− = const
and µ+ → −∞. Thus we estimate
d(x1) ∼ Lhγ0 6 Lhγ1 =
∫
γ1
(1− p)1/2dµ+ ∼
∫ µ+
−∞
(
ea+s
1 + ea+s
)1/2
ds ∼ ea+µ+/2 ∼ (1− p)1/2.
Since metrics g˜ and g are equivalent, we have d(x) 6 C(1− p)1/2, so that along γ we have
d(x)−2k ∼ Ω ∧ Ω
dVg
= C(1− p2)−1 6 C ′d(x)−2.
Thus k = 1, as claimed. 
Lemma 5.4. If X vanishes identically along T+, then k = 1.
Proof. Let us assume that on the contrary X vanishes on T+. Then at any point x ∈ T+ there is
a local chart U ≃ C2 provided by the slice theorem such that the action of S1 on C2 has weights
w = (α, 0). We claim that α 6= 0. Indeed, if α = 0 then the vector field X would act trivially
in U ≃ C2, and being Killing, X must preserve all geodesics emanating from x. Thus X will be
identically zero entirely on M , which contradicts our basic assumptions on X.
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Given the weights of X at x and knowing that X vanishes on T+, we can pick local I-holomorphic
coordinates (z, w) near x such that T+ = {w = 0}, x = (0, 0) and in TxM ,
[X, ∂z ] = 0, [X, ∂w] =
√−1α∂w.
Then locally we can write the holomorphic vector field X = X −√−1IX as
X = wf1(z)∂w + (higher order terms in w), f1(0) =
√−1α 6= 0.
In these coordinates we still have
ΩI = w
−kdz ∧ dw + (higher order terms in w),
and thus
iXΩI =
1
wk−1
(f1(z)dz + f2(z)dw) + (higher order terms in w)
Since f1(0) 6= 0, this form cannot be closed, unless k = 1. 
Lemma 5.5. X does not vanish identically along T+.
Proof. It follows from Lemmas 5.3 and 5.4 that ΩI has a pole of order one. As above we choose
local I-holomorphic coordinates so that
ΩI = w
−1dz ∧ dw + (higher order terms in w),
If X vanishes identically along T+ then we can express
X = w (f1∂z + f2∂w) , fi ∈ C∞.
It follows that
iXΩI = f1(z)dw − f2(z)dz + (higher order terms in w)
is smooth across T+. Therefore
∫
γ iXΩI is finite, where γ is any path connecting x0 ∈ T+ and
x1 ∈M\T+. Using a similar argument for ΩJ , we conclude that the integrals∫
γ
iXIΩ,
∫
γ
iXJΩ
are also finite. On the other hand, the pullbacks of iXIΩ, iXJΩ to M˜\T+ are dµ2 and dµ3. Since
p is bounded away from 1 on compact subsets of R3µ, the integral of aIdµ2 + aJdµ3 over any curve
γ0 ⊂ R3µ escaping to the locus {p = 1} is infinite, giving a contradiction. 
Proof of Proposition 5.2. Lemmas 5.3 and 5.4 gives that ΩI has a pole of order 1, and then Lemma
5.5 gives that X does not vanish identically. 
5.2. Completeness properties of the quotient. Now we prove a general statement about Rie-
mannian 4-manifolds with S1 action, which might be of independent interest.
Proposition 5.6. Let (M,g) be a connected smooth complete Riemannian 4-dimensional manifold
with boundary admitting an isometric S1 action with isolated fixed points {yi}. Let
π : M → N
be the projection onto the quotient space, and set zi = π(yi). Assume that orbifold with boundary
N0 = N\{zi} is equipped with a Riemannian metric h and a smooth 2-form β0 such that
(1) the curvature 2-form of the S1-bundle M\{yi} → N0 is given by a closed 2-form
β = ∗hdW +Wβ0,
where W is a smooth function on N0;
(2) there are constants cW , Cβ0 > 0 such that W > cW and |β0|h + |dβ0|h < Cβ ;
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(3) metric g on M\{yi} is given by
g =Wh+W−1η2
where η is the connection 1-form with curvature β;
(4) set {zi} ⊂ N is complete with respect to the distance function dh induced by h;
(5) |RmN0,h | < b2 for some constant b;
(6) RcM,g > −k2 for some constant k.
Then any closed subset K ⊂ N such that dh(K,∂N0) > 0 is complete with respect to dh.
Remark 5.7. The assumptions of the above proposition seem rather restrictive. However, as we
will show later, aside from the lower Ricci curvature bound, they are automatically satisfied on
complete regular rank one solitons.
Proof. Let ∂N0 be the usual boundary of an orbifold N0, and for a subset K ⊂ N denote by ∂hK
its dh-completion boundary, i.e.,
∂hK := (K, dh)\K,
where (K, dh) denotes the metric completion of (K, dh).
We will prove the completeness by contradiction. The proof is rather technical, so we start with
a brief overview. First step is to get a gradient estimate for W . Function W satisfies a second
order elliptic PDE on a complete manifold (M,g) which allows for the application of the standard
method of Cheng-Yau [8] using the lower bound on RcM,g. With the gradient estimates at hand,
we exploit completeness of (M,g) and use an argument of Schoen-Yau [23] to get a lower bound on
the blow up rate of W near ∂hN . Finally, relying on the control over the geometry of (N0, h) we
prove that averages of W over geodesic spheres in (N0, h) blow up as the boundary of the sphere
approaches ∂hN , and obtain a contradiction with the mean value inequality. This implies that K
must be complete.
Step 1 (Gradient estimate for W ) Assume that some closed K ⊂ N with dh(K,∂N0) > 0 is not
complete so that ∂hK is not empty. Since dh(K,∂N0) > 0, there is a point in x∞ ∈ ∂hK such that
dh(x∞, ∂N0) > 0, and as K ⊂ N is closed, x∞ ∈ ∂hN .
Set {zi} is complete, therefore we can find ǫ > 0 such that
dh(x∞, {zi} ∪ ∂N0) > ǫ.
Pick a point x0 ∈ N0 such that dh(x0, x∞) < ǫ/3. Then dh(x0, {zi}∪∂N0) > 2ǫ/3 and dh(x0, ∂hN) <
ǫ/3. Since dh(x0, {zi} ∪ ∂N0) > 2ǫ/3 and h is a Riemannian metric on orbifold N0, we can choose
a largest h-geodesic ball around x0 not containing points in {zi} ∪ ∂N0 ∪ ∂hN , and call it B(x0).
Since dh(x0, ∂hN) < ǫ/3 and dh(x0, {zi} ∪ ∂N0) > 2ǫ/3, there exists a point x∗ ∈ ∂hN such that
x∗ ∈ B(x0). Thus, as dh(x∞, x∗) < 2ǫ/3, we have that
dh(x
∗, {zi} ∪ ∂N0) > ǫ/3.
Let r = ǫ/6. We are going to prove a gradient estimate forW in Ur(x
∗) = {x ∈ N | dh(x, x∗) 6 r}.
Our plan is to apply Cheng-Yau local gradient estimate [8] to W defined on π−1(Ur(x∗)) ⊂ M ,
where
π : M → N
is the natural projection onto the orbit space. Recall that the metric g onM is given byWh+W−1η2
withW > cW > 0. Furthermore, dh(x
∗, {zi}∪∂N0) > ǫ/3 = 2r. Therefore for any y ∈ π−1(Ur(x∗)),
g-geodesic ball of radius cW r centered at y does not intersect the boundary ∂M and the fixed point
set {yi}.
To apply local Cheng-Yau estimate to W we first note that for any function f : M → R invariant
under S1-action we have
∆gf =W
−1∆hf,
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therefore W solves
∆gW =W
−1∆hW = −W−1(〈dW, ∗β0〉h + (∗hdβ0)W ).
We know that W is bounded from below by cW > 0 and |β0|h + |dβ0|h < Cβ0 . It is straightforward
now to check that there exists C ′ > 0 such that W satisfies the differential inequalities
∆gW 6 C
′(|dW |g +W ),
|∇g(∆gW )|g 6 C ′
(|dW |g +W−1|dW |2g + |∇2gW |g +W ) ,
which allow to run the proof of [8, Theorem 6]. Therefore there exists a constant C > 0 such that
|dW |g < CW
in π−1(Ur(x∗)). Translating this inequality back to metric h we find that in Ur(x∗)
(5.1) |dW |h < CW 3/2.
Step 2 (Lower bound on the growth rate of W (x) as x → x∗) Next we exploit the upper bound
of (5.1) together with the completeness of (M,g) to obtain a lower bound on the growth of W as
its argument approaches x∗. The manifold (M,g) is complete, therefore the distance function dWh
on N induced by the metric Wh on N\{zi} is complete. Let γ : [0, 1)→ N be any smooth curve of
finite h-length, avoiding {zi}, such that limt→1 γ(t) = x∗. Since (N, dWh) is complete, and x∗ 6∈ N ,
we know that
ℓWh(γ) =
∫ 1
0
W 1/2|γ′(t)|hdt =∞.
This implies that W → +∞ subsequentially along any curve approaching x∗. We now use the
gradient estimate for W to upgrade this subsequential blow up to a uniform lower bound on the
growth rate.
Consider any curve γ in Ur(x
∗) approaching x∗. Pick two points x, x′ on γ. Then
W−
1
2 (x)−W− 12 (x′) =
∫ x′
x
h
(
∇W− 12 , γ′(t)
)
dt 6
∫ x′
x
1
2
|∇W |W− 32 dt.
Using the gradient estimate (5.1), we conclude
W−
1
2 (x)−W− 12 (x′) 6 C ′′ℓh(γ).
Picking x′ along a sequence xi ∈ γ such that W (xi)→∞, we conclude that
W (x) >
C
ℓ2h(γ)
.
As the curve γ ⊂ Ur(x∗) above is arbitrary, we conclude that for any x ∈ Ur(x∗)
(5.2) W (x) >
C
d2h(x, x
∗)
.
Step 3 (Contradiction with the mean value theorem)
Finally, we show that the function W (x) satisfying the elliptic equation d(∗hdW +Wβ0) = 0
can not have a boundary blow up as in (5.2) using the bound |RmN,h | < b2. Recall that we have
a ball B(x0) ⊂ N such that x∗ ∈ ∂B(x0). Let r0 := dh(x0, x∗) be the radius of B(x0). Pick a new
center x1 along the h-geodesic segment [x0, x
∗] such that
r1 := dh(x1, x
∗) < min(r0, π/4b).
Denote by Br1(x1) ⊂ N the h-geodesic ball of radius r1 centered at x1 and by BTr1(x1) ⊂ Tx1N the
ball of radius r1 in the tangent space (Tx1N,hx1). By Rauch’s comparison theorem, the exponential
map
exphx1 : B
T
r1(x1)→ Br1(x1)
THE GIBBONS-HAWKING ANSATZ IN GENERALIZED KA¨HLER GEOMETRY 39
is an immersion and there is a constant δb > 0 such that the norm of the differential of exp
h
x1
satisfies bounds:
C−10 < |D(exphx1)| < C0, C0 = C0(b) > 0.
We use exphx1 to pull back function W , form β0 and metric h to B
T
r1(x1) ⊂ Tx1N . The estimate
for D(exphx1) implies that the metric hx1 in B
T
r1(x1) ⊂ Tx1N is uniformly equivalent to the pull
back of h. The estimates to follow are conducted inside BTr1(x1) ⊂ Tx1N with respect to the metric
(exphx1)
∗h which we still denote h.
Let ρ be the h-distance function from x1, and let G = G(ρ) be a function to be chosen later.
Recall that W solves equation
L(W ) := ∗hd(∗hdW +Wβ0) = 0.
Then by Green’s identity, for any R < r1,∫
BR(x1)
(L(W )G−WL∗(G)) dµh =
∫
∂BR(x1)
(
(∗hdW +Wβ0)G−W ∂G
∂ν
)
dσh,
where
L∗(G) := ∗h(d ∗h dG− dG ∧ β0)
is the dual operator. Using that L(W ) = 0 and
G
∣∣∣
∂BR(x1)
= G(R),
∂G
∂ν
∣∣∣
∂BR(x1)
= G′(R),
we find ∫
∂BR(x1)
(∗hdW +Wβ0)Gdσh = G(R)
∫
∂BR(x1)
(∗hdW +Wβ0)dσh = 0.
Therefore
G′(R)
∫
∂BR(x1)
W dσh =
∫
BR(x1)
WL∗(G) dµh.
In particular for any 0 < R1 < R2 < r1 we have
(5.3) G′(R1)
∫
∂BR2 (x1)
W dσh −G′(R1)
∫
∂BR2 (x1)
W dσh =
∫
BR2 (x1)−BR1 (x1)
WL∗(G) dµh.
Now consider a function
G(ρ) = 1− e−λρ.
By Laplacian comparison theorem, ∆ρ is bounded from above for ρ ∈ (r1/2, r1). Then given a
bound on |β0|h it is easy to check that for a large constant λ > 0,
L∗(G) < 0
in the annulus Br1(x1)−Br1/2(x1). Therefore identity (5.3) implies that for any R ∈ (r1/2, r1) we
have a mean value inequality
(5.4)
∫
∂BR(x1)
Wdσh < C
∫
∂Br1/2(x1)
W dσh
where constant C depends only on r1 and operator L. In particular the integral on the left hand
side is bounded from above as R→ r1.
Fix R < r1 and let xN ∈ ∂BR(x1) be the point which is h-closest to x∗. Pick spherical coordinates
(φ,ψ) ∈ [0; 2π) × (−π/2;π/2) such that φ is a longitude, ψ is an latitude xN is the northern pole.
Then there exists a constant C1 independent of R ∈ (r1/2, r1) such that for a point p ∈ ∂BR(x1)
with coordinates (φ,ψ) we have
dh(p, x
∗) < C1
√
(r1 −R)2 + (π/2 − ψ)2.
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Now we estimate∫
∂BR(x1)
Wdσh > C
∫
∂BR(x1)
Wdσh1 = CR
2
∫ π/2
−π/2
(∫ 2π
0
W dφ
)
cosψ dψ
> C ′
∫ π/2
−π/2
π/2− ψ
(r1 −R)2 + (π/2 − ψ)2 dψ > −C
′′ log(r1 −R),
where in the second inequality we used the blow up estimate (5.2) and uniform equivalence of
h and hx1 in B
T
r1(x1). The final term is unbounded as R → r1, contradicting the mean value
inequality (5.4). Thus we proved that K ⊂ N is complete for any closed K such that dh(K,∂N0) >
0. 
5.3. Global definition of the moment map on the non-degeneracy locus of M . Suppose
(M4, g, I, J) is a complete regular rank one GK soliton. Considering the non-degenerate domain
M\T, T = T+ ∪T−, the construction of Theorem 3.8 defines a moment map
µ : M˜\T→ R3µ .
on an appropriate covering space Zk → M˜\T→ M\T. Our goal in this section is to describe the
structure of the covering space M˜\T, and show that the moment map µ descends to the Zk-quotient
space.
Proposition 5.8. Given the setup above, the map µ descends to a map
(5.5) M\T→ (M\T)/S1 ≃ R3µ/Γ,
where Γ ≃ Zk acts on (R3µ, h) by isometric translations freely, and properly discontinuously. There
are two possibilities for the action of Γ on R3µ:
(1) Γ1 ≃ Z is generated by g1 such that
g1(µ1, µ+, µ−) = (µ1 + c1, µ+, µ−), c1 6= 0.
(2) Γ2 ≃ Γ1 × Z ≃ Z2 and a− = 0, where Γ2 is generated by g1 and g2 such that
g1(µ1, µ+, µ−) = (µ1 + c1, µ+, µ−), c1 6= 0
g2(µ1, µ+, µ−) = (µ1 + c′1, µ+, µ− + c), c 6= 0.
Proof. First, let us describe the covering space
M˜\T→M\T.
On M\T we have three closed forms
α1 = −iXΩ, α2 = −iXIΩ, α3 = −iXJΩ.
Let K := {a ∈ H1(M\T;Z) | 〈αi, a〉 = 0, i = 1, 2, 3} ⊂ H1(M\T;Z). Then we have a map
π1(M\T)→ Γ→ 1,
where Γ = H1(M\T;Z)/K ≃ Zk. Action S1 ×M → M is tri-Hamiltonian if and only if Γ = 0.
In general, Γ is nontrivial, and in order to construct the moment map of Section 3 we first need
to ‘kill’ Γ by taking a cover. Specifically, the kernel of the map π1(M\T) → Γ corresponds to a
covering space
pr: M˜\T Γ−→M\T
with deck transformation group Γ. On M˜\T the forms pr∗αi represent zero classes in de Rham
cohomology, so we can write pr∗αi = dµi and recover the moment map µ in the construction of
Section 3: µ : M˜\T → R3µ. We also note that the S1 action on M\T lifts to an S1 action on the
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covering space M˜\T. Indeed, for any free loop γ ⊂ M\T represented by an orbit of S1, we have
[γ] ∈ K, since αi(X) = 0. Therefore, the lift of γ to M˜\T is still a closed loop. It follows that the
lift of vector field X to M˜\T has periodic orbits.
Next we claim that the image µ(M˜\T) is the whole R3µ. We want to apply Proposition 5.6 to
M˜\T. However, we can not do it directly, since, first, this manifold is not necessarily complete,
and, second, W might not be bounded from below by a positive constant. Thus we first modify
M˜\T.
Recall that T = {p = ±1}. For δ > 0 denote Tδ = {|p| > 1 − δ} and consider the complement
M\Tδ ⊂M\T. For δ > 0 small enough M\Tδ is a connected manifold with boundary. Let Mδ ⊂
M˜\T be the inverse image of M\Tδ under the covering map M˜\T → M\T. By Proposition 4.8
characterizing rank one GK solitons, locally Φ = a+µ+ + a−µ− + const. Since functions Φ and µi
are globally defined on a connected manifold Mδ, the same identity holds globally. We can absorb
the constant term by redefining µi and assume that Φ = a+µ++ a−µ−. In particular, the function
p, metric h and form β0 all descend to R3µ.
Next we need to modify the function W , and as a consequence the geometry of M , to ensure
that W is bounded from below by a positive constant. Let W˜ be the baseline solution provided
by Lemma 4.10. Equation for W˜ implies that 2-form β˜ = ∗hdW˜ + W˜β0 ∈ Λ2(M/S1) is closed,
and exact since it is defined on R3µ , with antiderivative α ∈ Λ1(N). Thus we can choose a new GK
structure on the manifold M by setting
Wt :=W + tW˜ , ηt := η + tα, t ∈ R.
Lemma 5.9. Let gt =Wth+W
−1
t η
2
t . If (M,g) is complete and has Rc
M,g > −k2, then (M,gt) is
also complete. If additionally |β0|h, |∇hβ0|h, W˜ , |dW˜ |h are bounded on M/S1, then for t > 0 large
enough we have RcM,gt > −k2.
Proof. Since the fibers of the map M → M/S1 are compact, (M,gt) is complete if and only if
M/S1 with the distance function induced by the metric Wth is complete. We know that metric
Wh induces a complete distance function on M/S1 and since Wt > W the same must be true for
Wth, implying that (M,gt) is complete.
Now we claim that for some t > 0 we still have
(5.6) RcM,gt > −k2gt.
It is enough to prove that bound on the subset of M where S1 acts freely. Let {E1, E2, E3} be an
h-orthonormal frame of TxN , {E1t , E2t , E3t } are the horizontal lifts of Ei normalized to the gt-unit
length, and E4t is the unit vertical vector field. In order to prove the bound (5.6), we use the exact
formula for RcM,gt in terms of RcN,h, Wt and βt (see [14]) and conclude that for any 1 6 i, j 6 4
RcM,gt(Eit , E
j
t ) =W
−2
t 〈dWt,Ψ1〉h +W−1t Ψ2,
where Ψ1 and Ψ2 are a covector and a function independent of t with the h-norms bounded by
C(|β0|2h + |∇hβ0|h), where C > 0 is a universal constant. Notably, there are no second order terms
in W here, a special artifact of this ansatz recovering that in the case h is Euclidean, the metric on
the total space M is Ricci flat for arbitrary harmonic W . We know that
(5.7) W 2RcM,g(Ei0, E
j
0) = 〈dW,Ψ1〉h +Ψ2W > −k2W 2.
If we fix
t > max
(
0, sup
R3µ
{
−W˜−2〈dW˜ ,Ψ1〉h −Ψ2W˜−1
})
,
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then
〈d(tW˜ ),Ψ1〉h +Ψ2(tW˜ ) > −2k2tWW˜ − k2t2W˜ 2,
and using (5.7) we find
〈dWt,Ψ1〉+Ψ2Wt > −k2W 2t ,
which is equivalent to the required Ricci bound on (Mt, gt). 
Furthermore, by a direct computation, on {|p| 6 1 − δ} all the norms |β0|h, |∇hβ0|h, W˜ , |dW˜ |h
are bounded. Hence we can apply Lemma 5.9 and modify metric on (Mδ , g) obtaining (Mδ, gt)
with RcMδ,gt > −k2 and Wt > t infR3µ W˜ > 0. We claim that (Mδ , gt) satisfies the assumptions of
Proposition 5.6:
(1) (M\Tδ, g) is a closed subset of a complete manifold, therefore it is itself complete. Mδ is a
covering space over M\Tδ, therefore it is also complete with respect to g. By Lemma 5.9
Mδ is also complete with respect to gt
(2) S1 has only isolated fixed points by Lemma 3.4.
(3) By Theorem 3.8 and our construction of (Mδ , gt), metric gt is given by g = Wth+W
−1
t η
2
and the curvature form is given by β = ∗hdWt +Wtβ0.
(4) Manifold M has finitely many fixed points. Since Mδ →M\Tδ ⊃M is a covering map, the
set of fixed points on Mδ is complete with respect to the pull back of any distance function
on M , in particular with respect to the distance function induced by the metric h+ η2 on
Mδ\MS1 .
(5) RmR
3
µ ,h has a two-sided bound and β0, ∇hβ0 are both bounded with respect to h on dh-
bounded subsets. Indeed, as we observe below (see Remark 5.17), the metric completion of
an isometric quotient (R3µ/Z, h) is a smooth orbifold, such that h and β0 extend to smooth
tensors. Therefore all geometric quantities naturally attached to β0 and h have a bounded
norm on dh-bounded subsets.
(6) RcM,gt is bounded from below by our standing assumption on M and by Lemma 5.9.
Given δ′ > 0, Proposition 5.6 implies that for any δ > δ′ a closed subset Mδ/S1 ⊂ Mδ′/S1 is
complete with respect to the metric h. Therefore immersion ι of Theorem 3.8
ι : Mδ/S
1 → {x ∈ R3µ | |p(x)| 6 1− δ}
is a local diffeomorphism of h-complete manifolds. It follows that map ι satisfies curve lifting
property: for any smooth curve γ˜ ⊂ {x ∈ R3µ | |p(x)| 6 1− δ} starting at γ˜(0) = ι(x0) there exists
its lift γ ⊂M/S1, such that γ(0) = x0. A general result [9, Prop. 6, §5-6] implies that ι is a covering
map.
Now, since {x ∈ R3µ | |p(x)| 6 1− δ} is simply connected, ι must be a diffeomorphism. Letting
δ → 0, we conclude that there is a diffeomorphism
(M˜\T)/S1 ≃ R3µ
so that µ : M˜\T→ R3µ is just the projection on the orbit space.
Lemma 5.10. The set T+ = {p = 1} is nonempty as long as a+ 6= 0. Similarly T− = {p = −1}
is nonempty as long as a− 6= 0.
Proof. Assume that a+ 6= 0 yet T+ is empty. Then manifold T+,ǫ := {y ∈ M | p(y) > 1 − ǫ} is
complete. By the same argument as above invoking Proposition 5.6, we have an isomorphism of
h-complete manifolds with boundary
T+,ǫ/S
1 ≃ {x ∈ R3µ | p(x) > 1− ǫ}.
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Now consider a curve γ ⊂ R3µ such that µ1 and µ− are constant and a+µ+ → −∞. Along γ we
have p → 1 and γ has a finite h-length by direct computation, giving a contradiction with the
h-completeness of T+,ǫ/S
1. 
Deck transformation action of Γ on M˜\T commutes with the flow of the vector field X and
therefore descends to the action on µ(M˜\T) = R3µ. By construction, the action of Γ on M˜\T must
preserve (Ω, I, J,X), therefore Γ preserves 1-forms dµi. Hence, the descended action of Γ on R3µ
must be via translations in µi coordinates.
Now we prove that the action of Γ on R3µ is free. Assume on the contrary that the deck transfor-
mation, corresponding to a loop γ ⊂M\T fixes a point x0 ∈ R3µ. Take any y0 ∈ µ−1(x0), and let γ˜
be a path between y0 and some y1, which corresponds to the lift of γ to M˜\T. Since the element
corresponding to γ fixes x0, we have that µ(y0) = µ(y1) = x0. The fibers of µ are connected, so we
can “close up” path γ˜ by joining y0 to y1 within µ
−1(x). The loop γ̂ obtained this way satisfies:
0 =
∫
γ̂
dµi =
∫
γ˜
dµi =
∫
γ
αi,
where the first identity is just Stokes’ Theorem and the second identity uses the fact that dµi
vanishes on µ−1(x). We see that 〈αi, [γ]〉 = 0, so [γ] ∈ K ⊂ H1(M\T;Z) and γ corresponds to the
trivial element of Γ. Thus the action is indeed free. Next, since the action of Γ on M˜\T is properly
discontinuous (this is true for any covering space), and the fibers of µ are compact, the action of Γ
on R3µ also must be properly discontinuous. With this in place we can take the fiberwise quotient
of the moment map M˜\T→ R3µ to obtain a map
µ : M\T→ R3µ/Γ,
which by abuse of notation we still denote µ.
Next, the action of Γ on M˜\T preserves GK structure, hence the action of Γ descends to an
isometric action on (R3µ , h). Given the precise form of the metric h, and using the fact that p is a
function of a+µ++ a−µ−, we conclude that Γ ≃ Zk has rank k 6 2 and is a subgroup of the group
R2 ⊂ Isom(h) generated by translations in µi, preserving the linear function a+µ+ + a−µ−.
Our final goal is to determine which subgroups Γ ⊂ Isom(h) could occur for a given complete GK
soliton (M,g, I, J). By Lemma 5.10 we know that T is nonempty. For an irreducible component
Ti ⊂ T of the degeneracy divisor take a small neighbourhood Ui = Ui(yi) of a smooth point yi ∈ Ti
and choose a loop γi ⊂ Ui(yi) with winding number 1 with respect to Ti. By Proposition 5.2, iXΩI
is a meromorphic one-form with a pole along Ti, therefore
∫
γi
iXΩI 6= 0, and the corresponding
deck transformation gi ∈ Γ is nontrivial.
Since we can choose γi in its free-loop homotopy class to be arbitrarily short with respect to the
metric g, element gi ∈ Γ acting on M˜\T satisfies the following property:
inf
y∈M˜\T
dg(y, giy) = 0.
By Lemma 5.5 we can assume that X does not vanish at yi so W is bounded from above and away
from zero in Ui. Then metric Wh on µ(Ui) ⊂ R3µ is uniformly equivalent to h. In particular, for
the induced action of gi ∈ Γ on R3µ we also must have
inf
x∈R3µ
dh(x, gix) = 0.
The only such nontrivial translation preserving a+µ+ + a−µ− is
gi(µ1, µ+, µ−) = (µ1 + c, µ+, µ−), c 6= 0.
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We have proved that such a translation always belongs to Γ. Now, since Γ ≃ Zk is a proper discrete
subgroup of a two-dimensional translation group, either Γ ≃ Z generated by a translation in µ1
coordinate, or Γ ≃ Z2 generated by translations preserving the linear form a+µ+ + a−µ−. In the
latter case Γ can be generated by translations
g1(µ1, µ+, µ−) = (µ1 + c1, µ+, µ−), c1 6= 0
g2(µ1, µ+, µ−) = (µ1 + c′1, µ+ + ca−, µ− − ca+), c 6= 0.
(5.8)
At the same time, by Proposition 4.8, the closed one-form
α = −a+dµ+ + a−dµ− + p(a+dµ+ + a−dµ−)
must be exact on M and therefore on R3µ/Γ. Since g2 preserves a+µ+ + a−µ−, for any x ∈ R3µ we
have ∫ g2x
x
α =
∫ g2x
x
(−a+dµ+ + a−dµ−).
Assuming a+ 6= 0, the latter integral vanishes if and only if a− = 0. In this case, redefining constant
c in (5.8) we arrive at the second possibility in the statement of the proposition. 
Remark 5.11. By scaling the metric g, we can assume that the action of Γ in Proposition 5.8 is
such that there is a primitive subgroup Z ⊂ Γ acting on R3µ via
µ1 7→ µ1 + 2πm, m ∈ Z.
This will be our default scaling through the rest of the paper.
5.4. Metric completion of (R3µ/Γ, h). On the complement of the fixed point setM\{yi} we have
a well-defined horizontal metric h, which defines a Riemannian metric and a distance function dh
on the orbit space (M\{yi})/S1. The local asymptotic of W near each fixed point yi implies that
dh extends to a distance function on the whole M/S
1. In particular, there is a natural dh-isometric
map
(5.9) M/S1 → (R3µ/Γ, h)
to the metric completion of (R3µ/Γ, h), which extends the isomorphism (5.5) of Proposition 5.8:
(M\T)/S1 → R3µ/Γ.
The goal of this subsection is to prove that (R3µ/Γ, h) has a natural orbifold structure, and then in
the next subsection we will show the map (5.9) is a diffeomorphism of orbifolds.
We just have proved that the orbit space of the nondegenerate part M\T of (M,g, I, J) is
isomorphic to one of the
R3µ/Γ1, R
3
µ/Γ2,
where Γ1 ≃ Z, Γ2 ≃ Z2 are groups described in Proposition 5.8. Our next goal is to describe metric
completions of (R3µ/Γi, h). Since R
3
µ/Γ2 is an isometric quotient of R
3
µ/Γ1 it suffices to determine
the completion of (R3µ/Γ1, h).
Metric h on R3µ/Γ1 is characterized by two constants a+, a− ∈ R which do not vanish simul-
taneously (if a+ = a− = 0 then the underlying GK soliton is hyperKa¨hler). In what follows, we
assume that a+ 6= 0. It turns out that the completions (R3µ/Γ1, h) are essentially different in the
cases a− = 0 and a− 6= 0 which we describe separately. To highlight the dependence of h on the
real parameters a+ and a−, we will write h = ha+,a− .
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5.4.1. Case a− = 0. Introduce new coordinates on R3µ/Γ1:
(µ1, ρ, µ−) ∈ S1 × R>0 × R,
where
ρ = exp(a+µ+/2).
In these coordinates, metric ha+,0 = (1− p2)dµ21 + 2(1− p)dµ2+ + 2(1 + p)dµ2− takes form
(5.10) ha+,0 =
4
1 + ρ2
(
ρ2
1 + ρ2
dµ21 +
4
a2+
dρ2 + 4dµ2−.
)
Proposition 5.12. Metric completion of (R3µ/Γ1, ha+,0) is isomorphic to
S1 × R>0 × R ≃ R3
with metric (5.10) extending to a metric with cone singularity along the codimension two subset
{ρ = 0} and the cone angle π|a+|.
Proof. We will construct the metric completion of (R3µ/Γ1, ha+,0) explicitly by hand. Pick a positive
number k ∈ R and consider R2 and R2\{0} ≃ R×S1 equipped respectively with a cone metric and
a regular cylinder metric given in the polar coordinates by
g1 = k
2 dρ2 + ρ2 dφ21,
g2 = 4dµ
2
− + dφ
2
2.
Consider M = R2 × R× S1 with a metric g = g1 ⊕ g2
1 + ρ2
. Metric space (M,g) is evidently complete,
and admits a free isometric S1 action induced by the vector field ∂φ1 + ∂φ2 . The orbit space M/S
1
is naturally isomorphic to R2×R and the horizontal component of metric g descends to a complete
metric h0 with a cone singularity along {0} × R.
Metric h0 is regular on the open part (R2\{0}) × R, and to express it, we choose coordinates
(φ1 − φ2, ρ, dµ−) on this regular locus. Computing |d(φ1 − φ2)|2g, |dρ|2g and |dµ−|2g, we find that
metric h0 is given by:
(5.11) h0 =
1
1 + ρ2
(
ρ2
1 + ρ2
d(φ1 − φ2)2 + k21dρ2 + 4dµ2−
)
.
If we set k = 2/|a+| and denote µ1 = φ1−φ2, then metric (5.10) will coincide with metric (5.11)
up to a constant factor 4. Therefore, (M/S1, 4h0) is the metric completion of (R3µ/Γ1, ha+,0) as
claimed. 
5.4.2. Case a− 6= 0. The argument in this case is very similar to the case a− = 0. Introduce new
coordinates on R3µ/Γ1:
(µ1, ρ1, ρ2) ∈ S1 × R>0 × R>0
where
ρ1 =
e−a−µ−/2
a2−ea+µ+ + a2+e−a−µ−
,
ρ2 =
ea+µ+/2
a2−ea+µ+ + a2+e−a−µ−
.
In these coordinates, the metric ha+,a− = (1− p2)dµ21 + 2(1− p)dµ2+ + 2(1 + p)dµ2− takes the form
(5.12) ha+,a− =
4
ρ21 + ρ
2
2
(
ρ21ρ
2
2
ρ21 + ρ
2
2
dµ21 +
4
a2−
dρ21 +
4
a2+
dρ22
)
.
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Proposition 5.13. Metric completion of (R3µ/Γ1, ha+,a−) is isomorphic to
(S1 ×R>0 × R>0)\(S1 × {0} × {0}) ≃ S2 × R
with metric (5.12) extending to a metric with cone singularities along codimension two subsets
{ρ1 = 0} and {ρ2 = 0} and the cone angles π|a−| and π|a+| respectively.
Remark 5.14. The completion in the above proposition is isomorphic to a direct product S2×R,
where S2 has a ‘spindle’ metric with two cone singularities of the cone angles πa− and πa+.
Proof. We will construct metric completion of (R3µ/Γ1, h) explicitly by hand. Pick two positive
numbers k1, k2 ∈ R and consider two copies of R2 equipped with cone metrics given in polar
coordinates by
g1 = k
2
1 dρ
2
1 + ρ
2
1 dφ
2
1,
g2 = k
2
2 dρ
2
2 + ρ
2
2 dφ
2
2.
Each copy (R2, gi) has a cone angle 2π/ki at the origin. Consider M = (R2×R2)\{(0, 0)} ≃ S3×R
with a metric g =
g1 ⊕ g2
ρ21 + ρ
2
2
. Metric space (M,g) is evidently complete, and admits a free isometric
S1 action induced by the vector field ∂φ1 + ∂φ2 . The orbit M/S
1 space is naturally isomorphic
to S2 × R and the horizontal component of metric g descends to a complete metric h0 with cone
singularities along ((R2\{0}) × {0})/S1 and ({0} × (R2\{0}))/S1.
Metric h0 is regular on the open part ((R2\{0}) × (R2\{0}))/S1, and to express it, we choose
coordinates (φ1 − φ2, ρ1, ρ2) on this regular locus. Computing |d(φ1 − φ2)|2g, |dρ1|2g and |dρ2|2g, we
find that metric h0 is given by:
(5.13) h0 =
1
ρ21 + ρ
2
2
(
ρ21ρ
2
2
ρ21 + ρ
2
2
d(φ1 − φ2)2 + k21dρ21 + k22ρ22
)
.
If we set k1 = 2/|a−|, k2 = 2/|a+| and denote µ1 = φ1 − φ2, then metric (5.12) will coincide
with metric (5.13) up to a constant factor 4. Therefore, (M/S1, 4h0) is the metric completion of
(R3µ/Γ1, ha+,a−) as claimed. 
We have just described the metric completions of (R3µ/Γ1, h) in the cases a− = 0 and a− 6= 0,
where group Γ1 ≃ Z acts on R3µ via translations in µ1 direction. By Proposition 5.8, in the case
a− = 0, we also have to deal with the completion (R3µ/Γ2, h), where Γ = Γ2 ≃ Γ1×Z, with Z acting
on R3µ via
(5.14) (µ1, µ+, µ−) 7→ (µ1 + c′1, µ+, µ− + c), c 6= 0
translations preserving the linear form a+µ+ + a−µ−. In the latter case, R3µ/Γ2 is an isometric
Z-quotient of R3µ/Γ1, thus the same is true for the completions:
(R3µ/Γ2, h) ≃ (R3µ/Γ1, h)/Z,
where the action of the factor Z of Γ2 is given by Proposition 5.8. In either case, the completion
(R3µ/Γ, h) has a natural smooth orbifold structure, and the metric h extends to a metric with cone
singularities along codimension two submanifolds.
5.5. Global definition of the moment map on M .
Definition 5.15. Define N(a+, a−) to be the metric completion (R3µ/Γ1, ha+,a−). The metric
ha+,a− induces a smooth metric with cone singularities on N(a+, a−).
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Using the explicit description of N(a+, a−) above, we can rewrite p as
p =
1− ρ2
1 + ρ2
, p =
ρ21 − ρ22
ρ21 + ρ
2
2
in the cases a− = 0 and a− 6= 0 respectively. It follows that function p defined initially on
the open dense part has a continuous extension to the whole space, and the completion locus
N(a+, a−)\(R3µ/Γ1) consists of disjoint subsets {p = 1} and {p = −1} (the latter possibly empty if
a− = 0). Metric ha+,a− extends to a metric with cone singularities along {p = 1} and {p = −1}.
Note that since (R3µ/Γ2, ha+,a−) is an isometric Z-quotient of (R
3
µ/Γ1, ha+,a−), the same is true for
the completion. Furthermore, with the explicit description of the completion, it is easy to see that
the induced action of Z on N(a+, a−) is free proper and isometric.
Let (M,g, I, J) be a regular compete rank one soliton. By our assumption a+ 6= 0 and by
Lemma 5.10 the degeneracy set T+ is nonempty. Consider any point x ∈ T+ such that X 6= 0 at
x. Let Gx ≃ Zk+ be the stabilizer of x. Then the orbit space π : M → N has an orbifold structure
in a neighourhood U of [x] ∈ N and the horizontal metric Wh as well as h have a cone singularity
of angle 2π/k+ along the codimension two subset (π
−1(U) ∩ T+)/S1. On the other hand, there
is an isometric embedding N → N(a+, a−) (or N → N(a+, a−)/Z) (see (5.9)), and by the above
propositions N(a+, a−) has cone singularity of angle π|a+| along {p = 1}. Therefore 2/k+ = |a+|.
Arguing similarly in the case a− 6= 0, we obtain the following quantization result for parameters
a+, a− ∈ R.
Proposition 5.16 (Quantization of parameters a+ and a−). If a+ 6= 0, then T+ is nonempty, and
a+ = 2/k+, k+ ∈ Z,
where |k+| is the order of the stabilizer of any point x ∈ T+\MS1 . If a− 6= 0, then T− is nonempty,
and
a− = 2/k−, k− ∈ Z
where |k−| is the order of the stabilizer of any point x ∈ T−\MS1 .
Remark 5.17. Space N(a+, a−) has a natural manifold structure and a metric with cone angles
of value 2π/k, k ∈ Z along its codimension two submanifolds. Therefore we can think of N(a+, a−)
as an orbifold, and of h as an orbifold metric. It is also straightforward to check that differential
form β0 = dµ1 ∧ (p+dµ− + p−dµ+) defined on R3µ/Γ extends to a smooth 2-form on the orbifold
N(a+, a−).
Remark 5.18 (N(a+, a−) as a base space of a Seifert fibration). So far, in Propositions 5.12
and 5.13 we have obtained (N(a+, a−), h) as a global quotient of a smooth manifold equipped with
a cone metric. With the quantization of parameters a+ and a− established above, there is an
alternative description of (N(a+, a−), h) as a global quotient of a smooth manifold equipped with
a smooth metric:
(1) Case a+ = 2/k+, a− = 0. Consider M̂ = C × C∗ with coordinates z, w ∈ C and define
an almost free circle action S1 × M̂ → M̂ as u · (z, w) = (uz, uk+w). Then there is an
isomorphism between the smooth parts of M̂/S1 and N(2/k+, 0) given by the coordinate
change
k+ arg z − argw = µ1
|z| = exp(µ+/k+)
|w| = exp(2µ−).
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As in the proof of Proposition 5.12, this isomorphism transforms the horizontal component
ĝhor of the metric
ĝ =
4
1 + |z|2Re
(
k2+dz ⊗ dz +
dw ⊗ dw
|w|2
)
to h and extends to an isometry of complete Riemannian orbifolds
(M̂/S1, ĝhor) ≃ (N(2/k+, 0), h)
(2) Case a+ = 2/k+, a− = 2/k−. Assume first that gcd(k+, k−) = 1. Consider M̂ = C2\{0}
with coordinates z, w and define an almost free circle action S1 × M̂ → M̂ as u · (z, w) =
(uk+z, uk−w). Then there is an isomorphism between the smooth parts of M̂/S1 and
N(2/k+, 2/k−) given by the coordinate change
k− arg z − k+ argw = µ1
|z| = e
−µ−/k−
4(k−2− e2µ+/k+ + k
−2
+ e
−2µ−/k−)
,
|w| = e
µ+/k+
4(k−2− e2µ+/k+ + k
−2
+ e
−2µ−/k−)
As in the proof of Proposition 5.13, this isomorphism transforms the horizontal component
ĝhor of the metric
ĝ =
4
|z|2 + |w|2Re
(
k2−dz ⊗ dz + k2+dw ⊗ dw
)
into h, and extends to an isomorphism of the underlying orbifolds:
(M̂/S1, ĝhor) ≃ (N(2/k+, 2/k−), h)
Finally, if gcd(k−, k+) = d > 1, then orbifold (N(2/k+, 2/k−), h) is a Zd quotient of
(N(2d/k+, 2d/k−), h), where Zd acts on N(2d/k+, 2d/k−) via rotations in µ1 coordinate.
Finally we are ready to show the surjectivity of the moment map. Assume for concreteness that
in Proposition 5.8 we have group Γ = Γ1. We aim to show that the natural isometric embedding
of the orbit space N → N(a+, a−) is an isometry. We know that the map (M\T)/S1 → R3µ/Γ is
a diffeomorphism, and metric h can be intrinsically defined both on N0 = (M\MS1)/S1 and on
N(a+, a−). Since N → N(a+, a−) is an isometric embedding, smooth on an open dense part, it
must be smooth on the whole N0. This can be seen, e.g., by considering exponential charts centered
outside of the locus {p = ±1}.
To prove surjectivity of N → N(a+, a−), we are going to invoke Proposition 5.6 once again.
Consider T+,ǫ := {p > 1 − ǫ} ⊂ M . For a generic constant ǫ > 0, this is a connected complete
manifold with boundary. As in Remark 5.17, β0 and h are well-defined smooth tensors on N0.
Using the same argument as before in the proof of Proposition 5.8, we add a multiple of the baseline
solution W˜ to function W , and modify the metric g and connection η accordingly. Repeating the
argument in the proof of Proposition 5.8, we conclude that N ∩ {p > 1 − ǫ} is complete with
respect to the distance function dh induced by the metric h. Similarly pieces N ∩ {p 6 −1 + ǫ}
and N ∩ {|p| 6 1 − ǫ} are dh-complete. Therefore N is also complete with respect to dh, hence
N → N(a+, a−) is an isometry.
Orbifold N(a+, a−) comes equipped with a distinguished metric h = ha+,a− , function p and
2-form β0 on an open dense part. Using the coordinates of Proposition 5.12 and 5.13, it is straight-
forward to check that tensors h, p, β0 (see equation (3.7)), θI (see equation (3.11)) extend to smooth
(in the orbifold sense) tensors on N(a+, a−).
Collecting Theorem 3.2, Proposition 5.8 and Proposition 5.16, we obtain the following.
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Theorem 5.19. Let (M,g, I, J) be a complete regular rank one soliton. Then there exist constants
a+, a− ∈ {2/k | k ∈ Z} ∪ {0}, (a+, a−) 6= (0, 0) such that either
M/S1 ≃ N(a+, a−),
or
M/S1 ≃ N(a+, 0)/Z,
where Z acts on N(a+, 0) by translations in (µ1, µ−) coordinates preserving a+µ+ + a−µ−.
Furthermore on the complement of the fixed point set MS
1
there exists an S1-invariant function
W such that the Seifert fibration
M\MS1 → (M\MS1)/S1
has curvature β = ∗hdW +Wβ0 with connection η and GK structure is given by
g = Wh+W−1η2
ΩI =(−dµ1 +
√−1dµ2) ∧ (η +
√−1W (dµ3 − pdµ2)),
ΩJ =(−dµ1 +
√−1dµ3) ∧ (η +
√−1W (−dµ2 + pdµ3)).
Remark 5.20. Assume as before a+ 6= 0. The topology of the orbit space N(a+, a−)/H depends
on a+, a− and H as follows:
(1) H = {id}, a+ = 2/k+, a− = 0. In this case orbifold N(a+, a−) is diffeomorphic to a global
quotient of C × R by a linear Zk+-action in the first coordinate. The underlying smooth
manifold is diffeomorphic to R3;
(2) H = Z, a+ = 2/k+, a− = 0. In this case N(a+, a−) is diffeomorphic to a quotient (C/Zk+×
R)/Z, where Z acts via rotation on the first factor and via nontrivial translation on the
second. The underlying smooth manifold is diffeomorphic to R2 × S1;
(3) H = {id}, a+ = 2/k+, a− = 2/k−. In this case orbifold N(a+, a−) is diffeomorphic to a
product S2(k+, k−)×R, where S2(k+, k−) is a spindle 2-sphere with cone angles 2π/k+ and
2π/k−. The underlying smooth manifold is diffeomorphic to S2 × R;
Corollary 5.21. Let (M,g, I, J) be a complete regular rank one soliton, and denote by π : M →
N(a+, a−)/H the projection onto the orbit space. If y ∈ M is a fixed point of the S1 action,
then the representation of S1 in TyM has weights (±1,±1) and π(y) is a smooth point of orbifold
N(a+, a−)/H.
Proof. We already know by Lemma 3.4 that any fixed point y in the nondegenerate partM\T must
have weights (±1,±1). Now assume that y ∈ T ⊂ M is a fixed point with weights w = (w1, w2),
gcd(w1, w2) = 1. Let y ∈ U ≃ C2 be a neighbourhood of y provided by the slice theorem. Then
(U\{y})/S1 is an orbifold isomorphic to a product R × S2(|w1|, |w2|) of R and a spindle S2 with
two orbifold points of orders |w1| and |w2|.
On the other hand, given a point z ∈ N(a+, a−) there are two options. Either z is a smooth point,
and its punctured neighbourhood is smooth. Or a punctured neighbourhood of z is isomorphic as
an orbifold to a product R × S2(k, k), k ∈ {k+, k−}. Hence at y ∈ M we must have |w1| = |w2|
which is possible only if wi = ±1. 
The above corollary implies that if there is a fixed point on the degeneracy divisor T+ (resp.T−),
then k+ = ±1 (resp. k− = ±1).
6. Construction and classification of solutions
In this section we give a construction of complete rank one generalized Ka¨hler-Ricci solitons,
proving Theorem 1.2. Having already determined the function p using Proposition 4.8, our task is
to find suitable functions W solving (3.9), which extend naturally over the degeneracy loci. Note
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that in Lemma 4.10 we already identified the baseline solution W˜ to equation (3.9). We first observe
that for any other solution W , the function V = W/W˜ satisfies a Laplace equation for a certain
metric conformal to to the induced metric on the quotient space. Using this fact and analyzing the
explicit constructions of the spaces N(a+, a−) in §5, we classify the possible solutions to equation
(3.9). With the explicit construction of the horizontal geometry and the classification of possible
functions W in hand, we give the proof of the main existence theorem (Theorem 1.2), and the
classification theorem (Theorem 1.4).
6.1. Reduction of the equation for W to a Laplace equation. The first step in our analysis
is to better understand the structure of the equation for W in the case of solitons. Recall that by
Lemma 4.10 the function
W˜ :=
(
a2+(1 + p) + a
2
−(1− p)
)−1
solves equation (3.9) provided p corresponds to a rank one GK soliton as in Proposition 4.8. With
the use of this baseline solution we can reduce equation (4.10) for W to a usual Laplace equation
for a metric h˜ conformally related to h.
Proposition 6.1. Equation (3.9) for W is equivalent to the Laplace equation
∆
h˜
V = 0
for the function V := W/W˜ , where metric h˜ is given by
h˜ :=
(
2W˜ 2
ea+µ+ + e−a−µ−
)2
h.
Proof. Using that W˜ is a solution, we can rewrite equation (3.9) as an equation for V =W/W˜ :
W˜
(
V11 +
1
2(1 + p)V++ +
1
2(1 − p)V−−
)
+ (W˜ (1 + p))+V+ + (W˜ (1 − p))−V− = 0.(6.1)
Now let
ψ =
2W˜ 2
ea+µ+ + e−a−µ−
= W˜ 2(1− p)e−a+µ+ = W˜ 2(1 + p)ea−µ− .
so that the conformal metric is h˜ = ψ2h. Then we find that
∆
h˜
V =
1
2ψ3(1 − p2) (2ψV11 + (ψ(1 + p)V+)+ + (ψ(1− p)V−)−)
=
1
ψ2(1− p2)
(
V11 +
1
2 (1 + p)V++ +
1
2(1− p)V−− +
(ψ(1 + p))+
2ψ
V+ +
(ψ(1 − p))−
2ψ
V−
)
.
Using the different expressions for ψ above it is straightforward to check that
(ψ(1 + p))+
ψ
= 2
(W˜ (1 + p))+
W˜
,
(ψ(1 − p))−
ψ
= 2
(W˜ (1− p))−
W˜
,
which implies that (6.1) is equivalent to ∆
h˜
V = 0. 
Function ψ := 2W˜ 2/(ea+µ+ +ea−µ−) is defined initially on R3µ, and extends to a smooth function
on the orbifold N(a+, a−). Thus metric h˜ can be thought of as an orbifold metric on N(a+, a−). If
data {a+, a−,W} corresponds to a complete rank one regular GK soliton (M,g, I, J), then function
V =W/W˜ is a positive smooth solution to the Laplace equation ∆
h˜
V = 0 onN(a+, a−)\{zi}, where
{zi} is the set of fixed point orbits. Furthermore, since vector field X generating the S1 action has
a simple zero at each zi, we have V (x) ∼ dh(x, zi)−1 in a neighbourhood of zi.
Thus, to proceed with the construction and classification of GK solitons, we need to construct
and classify positive solutions to the Laplace equation ∆
h˜
V = 0 on N(a+, a−) with poles on a
finite set {zi}. There are two difficulties with answering this question. The first one is technical:
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N(a+, a−) is an orbifold rather than a manifold, therefore we have to be somewhat cautious in
developing elliptic theory on N(a+, a−). The second one is more substantial — orbifold N(a+, a−)
equipped with the metric h˜ is not necessarily complete, its completion is not an orbifold, and we
do not have any a priori knowledge about the behavior of V near the completion. Thus a large
part of the well-developed general elliptic theory is not available to us.
Luckily, thanks to a very special structure of orbifold N(a+, a−) and metric h˜, we are able to
surpass these difficulties by ‘lifting’ the Laplace equation ∆
h˜
V = 0 on an incomplete 3-dimensional
orbifold to an equivalent Laplace equation on a complete flat 4-dimensional manifold. This idea
works equally well if either a− = 0 or a− 6= 0, however, since the details differ slightly, we consider
the two cases separately.
6.2. Equation ∆h˜V = 0 in the case a− = 0.
Proposition 6.2. Let N(a+, 0) be the orbifold from Definition 5.15.
(1) Given any point z ∈ N(a+, 0) there exists a unique smooth positive function
Gz(x) : N(a+, 0)\{z} → (0;∞)
such that:
(a) ∆
h˜
Gz(x) = −2πδz(x) in the sense of distributions;
(b) infx∈N(a+,0)Gz(x) = 0;
(2) If V is a positive solution to the equation ∆
h˜
V = 0 on the complement of a finite set {zi},
then there exist unique positive constants cV , ci such that
V (x) = cV +
∑
i
ciGzi(x).
(3) Any positive superharmonic function on N(a+, 0)/Z is constant.
Remark 6.3. Borrowing terminology from the standard elliptic theory on smooth complete man-
ifolds, we can say that (N(a+, 0), h˜) is non-parabolic, i.e., admits a positive Green’s function and
satisfies a Liouville property, i.e., any positive harmonic function is constant; while (N(a+, 0), h˜) is
parabolic — any positive superharmonic function on it is constant.
Proof. We start with recalling an observation from the proof of Proposition 5.6. If M → N is a
principal S1 bundle with a connection one-form η, and the metric g on M is of the form
g =Wh+W−1η2,
where W : M → N is a smooth function and h is a metric on N , then function f : N → R solves
the Laplace equation ∆hf = 0 on M if and only if its lift to M solves equation ∆gf = 0, and the
same is true for inequality. Hence there is a bijection:
(6.2) {harmonic functions on (N,h)} ←→ {S1 invariant harmonic functions on (M,g)}.
We use the constructions of Remark 5.18 and realize N(a+, 0) as a quotient of M̂ = C × C∗
by a circle action u · (z, w) = (uz, uk+w). Under this identification the conformal factor ψ2 of
Proposition 6.1 becomes
ψ2 =
(1 + |z|2)2
a8+
.
Let X ∈ Γ(TM̂) be the vector field generating the S1 action, and denote by η the connection
induced by the metric ĝ. Then |X|2ĝ = 4k2+ = 16a−2+ , and on M̂ we can express the metric ĝ as
ĝ = h+
16
a2+
η2.
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Thus the flat metric on M̂ ,
gf :=
1 + |z|2
4
ĝ = Re(k2+dz ⊗ dz +
dw ⊗ dw
|w|2 ),
can be expressed as
gf =
1 + |z|2
4
h+
4(1 + |z|2)
a2+
η2 =
a2+
4(1 + |z|2)
(1 + |z|2)2
4a2+
h︸ ︷︷ ︸
const·h˜
+
4(1 + |z|2)
a2+
η2.
Now, using observation (6.2) we find that function V (x) on N(a+, 0) solves equation ∆h˜V = 0 if
and only if its lift to M̂ ≃ R3 × S1 solves the Laplace equation
∆gfV = 0
with respect to the flat metric gf .
Now we use well-developed elliptic theory on the flat R3×S1 to conclude the proof. It is known
R3 × S1 is non-parabolic, i.e., given any point y ∈ R3 × S1 there exists an everywhere positive
Green’s function Γy(x) solving equation
∆gfΓy(x) = −2πδy(x).
Such Γy(x) can be either constructed explicitly as a convergent sum of Green’s functions of R4,
or its existence can be proved using a general result, e.g., [15, §3]. Furthermore flat R4 satisfies
Liouville property — any entire positive harmonic function must be constant, therefore its isometric
quotient R3 × S1 also satisfies Liouville property.
Let z = [S1y] ∈ M̂/S1 be the corresponding point in the orbit space. Averaging Γy(x) with
respect to the S1 action
Gz(x) :=
1
2π
∫
S1
Γy(u · x)du
we obtain an S1 invariant function Gz(x) which descends to the orbifold quotient M̂/S
1 and solves
∆gfGz(x) = −2πδS1y(x) in M̂ or equivalently
∆
h˜
Gz(x) = −2πδz(x),
in M̂/S1. Moreover limGz(x) = 0 as dgf (x, z)→∞. If G′z(x) is another function solving the same
equation with infG′z(x) = 0, then the difference G′z(x) − Gz(x) is an entire harmonic function on
M̂ . By the maximum principle, the difference is bounded from below by 0, therefore by Liouville
property the two functions must differ by a constant. Since infG′z(x) = 0, the constant is zero.
Let V (x) be any S1 invariant positive harmonic function on the complement of finitely many
S1-orbits M̂\{S1zi}. Using the Riesz representation theorem and the S1 invariance of V (x), we
can decompose V (x) as
V (x) = V0(x) +
∑
ciGzi(x),
where ci are constants and V0(x) is an entire harmonic function. Since V (x) is positive, ci > 0.
Hence by the maximum principle V0(x) is positive, and must be constant.
Now consider N(a+, 0)/Z. Action of Z on N(a+, 0) lifts to a gf -isometric action on M̂ . Using the
same argument as above we have a bijection between superharmonic functions with poles at {zi}
on (N(a+, 0)/Z, h˜) and S1 invariant superharmonic functions on (M̂/Z, gf ) with poles along S1
orbits. It remains to note that manifold M̂/Z = (C×C∗)/Z with metric gf has a quadratic volume
growth thus by a result of Cheng and Yau [8] does not admit any non-constant superharmonic
functions. 
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6.3. Equation ∆h˜V = 0 in the case a− 6= 0.
Proposition 6.4. Let N(a+, a−) be the orbifold from Definition 5.15. Consider a finite collection
of points {zi} ⊂ N(a+, a−).
(1) Given any point z ∈ N(a+, a−) there exists a unique smooth positive function
Gz(x) : N(a+, a−)\{z} → (0;∞)
such that:
(a) ∆
h˜
Gz(x) = −2πδz(x) in the sense of distributions;
(b) infx∈N(a+,a−)Gz(x) = 0;
(2) If V is a positive solution to the equation ∆
h˜
V = 0 on the complement of a finite collection
of points {zi}, then there exist unique positive constants c′V , c′′V , ci such that
V (x) = c′V + c
′′
VG0(x) +
∑
i
ciGzi(x),
where G0(x) = k
2
+e
2µ+/k+ + k2−e−2µ−/k−.
(3) Any positive superharmonic function on N(a+, a−)/Z is constant.
Proof. The proof is essentially the same as the proof in the case a− = 0. For simplicity, we assume
that gcd(k+, k−) = 1. The proof in the general case is analogous.
As before, we use Remark 5.18 to realize N(a+, a−) as the quotient of M̂ = C2\{0} by a circle
action u · (z, w) = (uk+z, uk−w). Under this identification, the conformal factor ψ2 becomes
ψ2 =
(|z|2 + |w|2)2
4
.
Let X be the vector field generating the S1 action on M̂ , and denote by η the principal connection
induced by ĝ. Then |X|ĝ = 2k+k− and on M̂ we can express metric ĝ as
ĝ = h+ (2k+k−)2η2.
Thus the flat metric on M̂ ,
gf :=
|z|2 + |w|2
4
ĝ = Re
(
k2−dz ⊗ dz + k2+dw ⊗ dw
)
,
can be expressed as
gf =
|z|2 + |w|2
4
h+ k2+k
2
−(|z|2 + |w|2)η2
=
1
k2+k
2−(|z|2 + |w|2)
k2+k
2−(|z|2 + |w|2)2
4
h︸ ︷︷ ︸
const·h˜
+ k2+k
2
−(|z|2 + |w|2)η2
Using the same observation (6.2), we find that function V (x) on N(a+, a−) solves equation
∆
h˜
V = 0 if and only if its lift to M̂ solves the Laplace equation with respect to the flat metric gf .
At this point we can repeat the argument of Proposition 6.2 with one difference — manifold M̂ =
C2\{0} is not complete with respect to the flat metric gf . To this end, we have to consider function
V (x) on its completion C2 ⊃ C2\{0}. We observe that function V (x) is a positive harmonic function
(possibly with poles along a finite collection of S1 orbits), undefined at the origin. Therefore we
can decompose it as a linear combination of the Green’s function of C2 with the pole at {0} and a
positive harmonic function (with the same poles as V ) well-defined at {0}. The rest of the proof
proceeds verbatim as the proof of Proposition 6.2. Thus we have to add an extra term G0(x) in the
decomposition of V (x). It remains to note that up to a constant multiple the Green’s function on
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R4 is given by G0(x) = dgf (x, 0)
−2 = (k2−|z|2 + k2+|w|2)−1, which (again up to a constant multiple)
equals k2+e
2µ+/k+ + k2−e−2µ−/k− as in the statement of the proposition.
In the second case of N(a+, a−)/Z, the action of group Z lifts to a Z-action on C2\{0} via
contractions fixing the origin:
|z| 7→ λ|z|, |w| 7→ λ|w|, arg z 7→ arg z + αz, argw 7→ argw + αw
It remains to note if a positive superharmonic function on R4 is invariant under these contractions,
then it attains a minimum at an interior point and must be constant by the maximum princple. 
Remark 6.5. In either case, whether a− = 0 or a− 6= 0, let Gzi be a Green’s function on
N(a+, a−)\{zi} constructed in Propositions 6.2 and 6.4. For W = W˜Gzi we have
β = ∗hdW +Wβ0 = ψ
W˜
∗
h˜
dGzi +Gzi(∗hdW˜ + W˜β0).
Consider zi ∈ N(a+, a−) — a smooth point, and a sphere S2ǫ of h˜-radius ǫ enclosing zi oriented
using the outer normal. Then using the closedness of β and standard estimate Gzi(z) ∼ dh˜(z, zi)−1
near zi we compute ∫
S2ǫ
β = lim
ǫ→0
β = lim
ǫ→0
∫
ψ
W˜
∗
h˜
dGzi = −2π
ψ(zi)
W˜ (zi)
.
In particular, cziβ ∈ H2(N(a+, a−)\{zi}, 2πZ) is a generator, where the normalization constant is
given by
(6.3) czi := W˜ (zi)/ψ(zi).
6.4. Existence and uniqueness. We conclude with the proofs of the main existence and clas-
sification results. As above our discussion splits into the cases where a− is either vanishing or
nonvanishing. Furthermore, the case a− = 0 splits into the cases according to the possible quo-
tient spaces N(a+, 0) and N(a+, 0)/Z as in Theorem 3.2. We point to Figures 1 and 2 for a brief
summary.
Proposition 6.6. Let (k+, l+) be a pair of coprime integers, 0 6 l+ < |k+| and denote a+ = 2k+ .
Given λ > 0 and a finite collection of points {z1, . . . , zn} in the smooth locus of N(a+, 0), let
W = W˜
(
λ+
n∑
i=1
cziGzi
)
,
where Gzi is the Green’s function centered at zi constructed in Proposition 6.2 and czi > 0 is the
normalization constant as in (6.3).
There exists a unique complete regular rank one soliton (M4, g, I, J) such that
(1) the orbit space π : M →M/S1 is homeomorphic to N(a+, 0),
(2) π−1{z1, . . . , zn} =MS1 ,
(3) T+\π−1{z1, . . . , zn} is the set of points of type (k+, l+) (cf. Remark 2.10),
(4) In the image of the nondegeneracy locus we have
Φ = a+µ+,
(5) With the above choice of functionsW and p, locally in the nondegeneracy locus GK structure
on (M,g, I, J) is given by the construction of Theorem 3.8.
Proof. Condition (5) uniquely prescribes the curvature form β = ∗hdW +Wβ0 on a dense open
part of N(a+, 0), and given the explicit form of β0 (see Remark 5.17) and since W is a smooth
function on orbifold N(a+, 0), curvature form also extends to a smooth two-form on N(a+, 0). Since
H2(N(a+, 0),Z) = 0, by our normalization of Green’s function Gzi , the β represents a class in
H2(N(a+, 0)\{z1, . . . , zn}, 2πZ).
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Thus assumptions of Proposition 2.19 are satisfied, and there exists a unique Siefert fibration
π :M0 → N(a+, 0)\{z1, . . . , zn}
together with a smooth connection form η with curvature β. Since N(a+, 0) is simply connected,
connection form η is also unique up to a gauge transform.
Let Σ = {p = 1} = {ρ = 0} ⊂ N(a+, 0). We set Φ = a+µ+, which in turn defines a smooth
function p on N(a+, 0):
p =
1− ea+µ+
1 + ea+µ+
.
In the case k+ = ±1, locus Σ consists of smooth points, and by reordering we assume {z1, . . . , zm} ∈
Σc, {zm+1, . . . , zn} ∈ Σ. Otherwise if |k±| > 1, we have m = n.
By definition, the complement N(a+, 0)\Σ is isomorphic to R3µ/Γ1, where Γ1 acts by translations
in µ1 coordinate. In particular, we can identify a simply connected open subset U of N(a+, 0)\Σ
with an open subset in R3µ. By our choice of function W and the corresponding form β, we can
apply Theorem 3.8 and endow π−1(U) with a GK structure determined by p and W . Since p does
not depend on µ1, this GK structure is independent of the identification between U and a subset
of R3µ, yielding a GK structure on
M1 :=
(
M0\π−1(Σ)
) ∪ {y1, . . . , ym},
where {yi} are the fixed points of the natural S1 action on M1. The orbit space of this action is
homeomorphic to N(a+, 0)\Σ with π(yi) = zi, 1 6 i 6 m. The constructed GK structure is smooth
away from the points {y1, . . . , ym} and is C1,1 globally.
We now prove that (g, I, J) extends smoothly across π−1(Σ). As explained above, we know that
W,h, and β are smooth on the orbifold N(a+, 0)\{z1, . . . , zn}, so the metric g will extend smoothly
across π−1 (Σ\{zm+1, . . . , zn}). Next for our specific choice of p, the Lee form θI (see (3.11))
descends to N(a+, 0) and extends smoothly across Σ, thus H = − ∗g θI is a smooth 3-form on
M0. Arguing using parallel transport as in Proposition 3.7, it follows that the complex structures
I and J extend smoothly (in fact real analytically) across this locus as well. This gives a possibly
incomplete smooth GK structure on
M0 ∪ {y1, . . . , ym}
with an orbit space N(a+, 0)\{zm+1, . . . , zn}.
Next, we prove that we can glue in fixed points {ym+1, . . . yn} such that
M0 ∪ {y1, . . . , yn}
is a complete C1,1 GK manifold with orbit space N(a+, 0). Using the normalization of the Green’s
functions at {zm+1, . . . , zn}, and the fact that the locus Σ ⊂ N(a+, 0) must be smooth as long
as m < n (see Corollary 5.21), we observe that preimage π−1(B3\{zi}) of a small punctured ball
around zi is diffeomorphic to B
4\{0}. Function W evidently satisfies the required local behavior of
Proposition 3.5 near each xi ∈ {x1, . . . , xm}, thus we can extend the metric across B4 after gluing
in a point yi. Therefore H = − ∗g θI admits a C1,1 extension on M0 ∪ {y1, . . . , yn}, and we can
apply the first part of Proposition 3.7 to show that the GK structure extends in C1,1 sense. Thus
we have constructed a C1,1 GK structure (M,g, I, J) with an orbit space
π : M → N(a+, 0)
which is smooth outside of a fixed point set {yi}.
We now show that this GK structure extends smoothly across {yi}. Given our choice of function
Φ, Proposition 4.8 implies that (M,g, I, J) is a GK soliton on the nondegerate locus. Since nonde-
generate locus is open and dense, (M,g, I, J) is a soliton globally. Given the explicit form of df in
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Proposition 4.8, we know that the extension of f is smooth. With C1,1 regularity for the metric,
we can construct a harmonic coordinate system for g, in which the soliton system takes the form
0 = gkl
∂2gij
∂xk∂xl
+Q(g, ∂g,H) + ∂2f + ∂g ⋆ ∂f,
0 = gkl
∂2Hijk
∂xk∂xl
+ ∂2g ⋆ H + ∂g ⋆ ∂H + d(i∇fH).
The first equation is a strictly elliptic equation for g with C1,α coefficients and a Cα inhomogeneous
term, so by Schauder estimates we conclude C2,α estimates for g. The second equation is then a
strictly elliptic equation for H with C2,α coefficients and a Cα inhomogeneous term, thus we
conclude C2,α estimates for H. Differentiating this system and applying a standard bootstrap
argument gives C∞ regularity for both g and H. By the parallel transport argument for extending
I and J from Proposition 3.7, it follows that I and J are smooth as well. Thus (M,g, I, J) is a
smooth regular rank one soliton.
It remains to address the completeness of (M,g). Projection onto the orbit space
π : M → N(a+, 0)
has compact fibers, therefore (M,g) is complete if and only if N(a+, 0) with the distance function
induced by the horizontal metric is complete. By the construction, in the complement of the finite
set {zi} the horizontal metric is given by
ghor =Wh.
Since h is complete, an appropriate lower bound on W will imply the completeness of Wh. Let
us identify (N(a+, 0), h) with a quotient of (C × C∗, ĝ) by a circle action (see Remark 5.18) and
denote coordinates on C× C∗ by z and w. Then
ĝ =
4
1 + |z|2Re
(
k2+dz ⊗ dz +
dw ⊗ dw
|w|2
)
and
W˜ = C(|z|2 + 1).
On the other hand, using the explicit form of the Green’s function on C × C∗ with respect to a
flat metric gf (see the proof of Proposition 6.2) we observe that for any zi ∈ N(a+, 0), there is a
constant C ′ > 0 such that outside a compact subset K
Gzi > C
′(|z|2 + log |w|2)−1/2.
This implies that
Wĝ = C(λ+ ci
∑
Gz0)Re
(
k2+dz ⊗ dz +
dw ⊗ dw
|w|2
)
is a complete metric on C × C∗ as long as at least one of the numbers (λ, c1, . . . , cn) is positive.
Since metric Wh on N(a+, 0) corresponds to the horizontal component of Wĝ under the projection
onto the orbit space C × C∗ → N(a+, 0), this implies the completeness of Wh, which in turn is
equivalent to the completeness of (M,g). 
Remark 6.7. In the result above, it is necessary to restrict the points {z1, . . . , zn} to the smooth
locus of N(a+, 0). Given a point z on the orbifold locus, the Seifert fibration in the complement
of z, near z, is not locally trivial, thus no neighborhood of p can be homeomorphic to a punctured
ball, and thus the metric completion is not a smooth manifold. The same restrictions apply to the
construction in the case a− 6= 0 below individually on the two components T±.
Fix an action Z : N(a+, 0) → N(a+, 0) induced by (5.14). Now we are going to describe the set
of GK solitons fibered over N(a+, 0)/Z.
THE GIBBONS-HAWKING ANSATZ IN GENERALIZED KA¨HLER GEOMETRY 57
Proposition 6.8. Let (k+, l+) be a pair of coprime integers, 0 6 l+ < |k+|, and denote a+ = 2k+ .
Given λ > 0 let
W = λW˜ .
There exists an S1 worth of complete regular rank one solitons (M4, g, I, J) such that
(1) the orbit space π : M →M/S1 is homeomorphic to N(a+, 0)/Z,
(2) the action of S1 on M is free,
(3) T+ is the set of points of type (k+, l+) (cf. Remark 2.10),
(4) in the image of the nondegeneracy locus we have
Φ = a+µ+,
(5) with the above choice of functions W and p, locally in the nondegeneracy locus GK structure
on (M,g, I, J) is given by the construction of Theorem 3.8.
Proof. By Proposition 6.6, we know that there is a unique GK soliton (M˜, g, I, J) such that
(1) the orbit space π : M˜ → M˜/S1 is homeomorphic to N(a+, 0),
(2) the action of S1 on M˜ is free,
(3) T+ is the set of points of type (k+, l+),
(4) In the image of the nondegeneracy locus we have
Φ = a+µ+,
(5) With the above choice of functions W˜ and p, locally in the nondegeneracy locus GK struc-
ture on (M˜ , g, I, J) is given by the construction of Theorem 3.8.
Now, since the action of Z on N(a+, 0) preserves Φ, the curvature form β is also invariant under
Z, and there is a family of lifts of this action to an action
(6.4) Z× M˜ → M˜
parametrized by Hom(π1(N(a+, 0)/Z), S1) ≃ S1. Using again the invariance of Φ and W under Z
we see that the lifted action (6.4) preserves (g, I, J), thus induces a GK structure on M := M˜/Z,
which we denote by the same symbols (g, I, J). Finally, since the one-form
1
2 (pa+dµ+ − a+dµ+)
from Proposition 4.8 is exact on N(a+, 0)/Z, we conclude that (M,g, I, J) is a GK soliton. 
Now we focus on the case a− 6= 0. Recall that N(a+, a−) is isomorphic to the quotient of C2\{0}
by a linear circle action with weights k± = 2/a±. In particular, N(a+, a−) is homeomorphic to
S2 × R. Let {z1, . . . , zn} ⊂ N(a+, a−) be a finite set of points in the smooth locus, and choose a
two-cycle S0 ∈ C2(N(a+, a−),Z), S0 = S3/S1, where S3 ⊂ C2 is a sphere of small raduis enclosing
the origin. As before, let W be a function on N(a+, a−)\{z1, . . . , zn} such that two-form
β = ∗hdW +Wβ0
is closed and denote
S(W ) :=
1
2π
∫
S0
β ∈ R.
Let Σ± = {p = ±1} ⊂ N(a+, a−) be a disjoint union of two curves. We orient each of the
components such a way that S0 ∩ Σ± = +1.
Proposition 6.9. Let (k+, l+), (k−, l−) be two pairs of coprime integers, 0 6 l± < |k±| and denote
a± = 2k± . Given λ > 0, λ0 > 0 and a finite collection of points {z1, . . . , zn} in the smooth locus of
N(a+, a−), let
W = W˜
(
λ+ λ0G0 +
n∑
i=1
cziGzi
)
,
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where Gzi is the Green’s function centered at zi constructed in Proposition 6.4 and czi > 0 is the
normalization constant as in (6.3). Assume that
(6.5) S(W )− l+
k+
− l−
k−
∈ Z.
Then there exists a unique complete regular rank one soliton (M4, g, I, J) such that
(1) the orbit space π : M →M/S1 is homeomorphic to N(a+, a−),
(2) π−1{z1, . . . , zn} =MS1 ,
(3) T±\π−1{z1, . . . , zn} is the set of points of type (k±, l±) (cf. Remark 2.10),
(4) in the image of the nondegeneracy locus we have
Φ = a+µ+ + a−µ−,
(5) with the above choice of functions W and p, locally in the nondegeneracy locus GK structure
on (M,g, I, J) is given by construction of Theorem 3.8.
Proof. As in the proof of Proposition 6.6 we start by constructing the smooth manifold M . We
are given an orbifold N(a+, a−) with cooriented submanifolds Σ± = {p = ±1} of codimension
two. Each submanifold Σ± comes equipped with a pair of integers (k±, l±). We claim that under
assumption (6.5),
[β/2π] − l+
k+
[Σ+]− l−
k−
[Σ−] ∈ H2(N(a+, a−)\{z1, . . . , zn},Z).
Indeed, H2(N(a+, a−)\{z1, . . . , zn},Z) ≃ Zn+1 is generated by S0 and a collection of n small spheres
{Si}ni=1 each enclosing one point zi. If zi 6∈ Σ±, we can assume that curves Σ± do not intersect
spheres Si. Otherwise, if zi ∈ Σ+ (zi ∈ Σ−), we necessarily have k+ = ±1, l+ = 0 (resp. k− = ±1,
l− = 0). In either case, by our choice of normalization constants czi , we have〈
[β/2π]− l+
k+
[Σ+]− l−
k−
[Σ−], Si
〉
=
1
2π
∫
Si
β = −1.
It remains to check that 〈
[β/2π] − l+
k+
[Σ+]− l−
k−
[Σ−], S0
〉
∈ Z
but this is exactly the statement of equation (6.5).
Thus we have all the ingredients in place to apply Proposition 2.19 and construct a smooth
manifold M0 and a Seifert fibtration
π : M0 → N(a+, a−)\{z1, . . . , zn},
with connection η and curvature form β (if either of k± is negative, we reverse the coorientation
of the corresponding submanifold Σ±). The rest of the construction of the GK soliton (M,g, I, J)
goes exactly as in the proof of Proposition 6.6.
Up to this point the construction works for any constants λ, λ0 > 0. It remains to understand
if the constructed manifold (M,g) is complete. Repeating the argument in Proposition 6.6, com-
pleteness of (M,g) is equivalent to the completeness of C2\{0} equipped with the metric Wĝ,
where
ĝ =
4
|z|2 + |w|2Re
(
k2−dz ⊗ dz + k2+dw ⊗ dw
)
is a complete metric on C2\{0} (see part (2) of Remark 5.18). Since W˜ is bounded below by a
positive constant, function
W = W˜
(
λ+ λ0G0 +
n∑
i=1
cziGzi
)
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is also bounded from below by a positive constant, as long as λ > 0. Thus, for λ > 0 metric Wĝ
induces a complete distance function on C2\{0}, and (M,g) is also complete.
We claim that if λ = 0, then metric g is not complete. To this end, we estimate W from above.
Choose a compact set K ⊂ C2 ⊃ C2\{0} containing preimages of all the points {zi}. Using the
explicit form of Green’s function on C2 equipped with a flat metric, we observe that there exists a
constant C = C(K) > 0 such that in the complement of K.
Gzi < C(|z|2 + |w2|)−1.
Therefore, as long as λ = 0
W < (n+ 1)C(|z|2 + |w2|)−1.
Thus (C2\{0},W ĝ) is incomplete, as any radial curve (tz0, tw0), t ∈ [1,+∞) has a finite length. 
With the above propositions we have Theorem 1.2:
Proof of Theorem 1.2. Propositions 6.6, 6.8 and 6.9 give explicit existence statements for complete
regular rank one solitons as stated in Theorem 1.2. 
Finally we give the proof of the classification statement of Theorem 1.4:
Proof of Theorem 1.4. Let (M,g, I, J) be a 4-dimensional complete generalized Ka¨hler-Ricci soli-
ton, such that its Poisson tensor does not vanish identically. Assume that Ricci curvature of
(M,g) is bounded from below and dim Isom(g) 6 1. As before, denote by VI =
1
2 (θ
#
I − ∇f) and
VJ =
1
2(−θ#I − ∇f) the corresponding soliton vector fields. By Proposition 4.1, vector fields IVI
and JVJ are Killing.
If dim Isom(g) = 0, then both Killing vector fields IVI and JVJ must vanish, thus θ
#
I − ∇f =
−θ#I −∇f = 0. Hence θI = 0 and ∇f = 0, so (M,g, I, J) is a usual Calabi-Yau metric with respect
to either of complex structure I and J . Since I and J are linearly independent, this forces the
holonomy of g to be contained in SU(2), so (M,g, I) is indeed hyperKa¨hler.
From now on we can assume that span(IVI , JVJ ) is generically one-dimensional, so (M,g, I, J)
is rank one soliton. By Proposition 4.7, we have two possibilities.
(1) Isom(g) ≃ S1,
(2) Isom(g) ≃ R.
In the first case there is a vector field X generating S1 action on (M,g, I, J) preserving GK
structure, such that IVI and JVJ are constant multiples of X. Thus (M,g, I, J) is a complete
regular rank one soliton (cf. Definition 5.1). Therefore, we can invoke Theorem 5.19 and conclude
that the orbit space π : M → N is given by one of the spaces N(a+, 0), N(a+, 0)/Z or N(a+, a−)
and in the complement of the degeneracy locus GK structure is locally given by Theorem 3.8. Let
π : M0 → N0 be the Seifert fibration in the complement of isolated fixed points. By Propositions 6.2
and 6.4, function W solving the equation d(∗hdW +Wβ0) = 0 must be a linear combination of W˜
and W˜Gzi , and if N = N(a+, 0)/Z, function W must be a multiple of W˜ . Next, local structure of
(M,g, I, J) near fixed points (Lemma 3.4 and Corollary 5.21) forces constants czi in front of W˜Gzi ,
zi 6= 0. If N = N(a+, a−), a− 6= 0, there is also a necessary integrality condition
1
2π
∫
S20
β − l+
k+
− l−
k−
∈ Z
where S20 is a 2-sphere generating H
2(N(a+, a−),Z). Due to Theorem 5.19, the choice ofW and the
prescribed form of Φ uniquely determine GK structure (M,g, I, J) up to an isomorphism generated
by translations in µ-coordinates.
In the second case, Z-quotient M/Z of M admits a complete regular rank one GK soliton
structure (M/Z, g, I, J) with a free S1 action such that the bundle M/Z → (M/Z)/S1 is trivial.
Thus (M/Z, g, I, J) is given by one of the constructions of Propositions 6.6, 6.8 and 6.9 with
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k±1 = ±1, {zi} = ∅, and [β] representing the zero class in the second cohomology. The initial
manifold (M,g, I, J) is then a Z cover of (M/Z, g, I, J). 
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